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Second-order transitive-closure logic, SO(TC), is an expressive declarative language that captures the
complexity class PSPACE. It extends second-order logic with a transitive closure operator over relations of
relations, i.e., over super relations among relational structures. The super relations are defined by means
of second-order logic formulae with free relation variables. Already its monadic fragment, MSO(TC),
allows the expression of NP-complete problems in a natural and elegant manner; for instance, the well
known Hamiltonian cycle query over the standard vocabulary of graphs, which is not expressible in
monadic second-order logic. Even some well-known PSPACE-complete problems such as deciding whether
a given quantified Boolean formula QBF is valid can be expressed in MSO(TC).

In general, SO(TC) offers an attractive framework for expressing properties in terms of declaratively
specified computations at a high level of abstraction. There are many examples of graph computation
problems that involve complex conditions such as graph colouring, topological subgraph discovery, recog-
nition of hypercube graphs, and many others. Such graph algorithms are difficult to specify, even by
means of rigorous methods such as Abstract State Machines (ASMs), B or Event-B, because the algo-
rithms require the definition of characterising conditions for particular subgraphs that lead to expressions
beyond first-order logic. Therefore, for the sake of easily comprehensible and at the same time fully formal
high-level specifications, it is reasonable to explore languages such as SO(TC).

Highly expressive query languages are gaining relevance in areas such as knowledge representation
(KR), rigorous methods and provers. We thus think it is timely to study which features of highly
expressive query languages affect their expressive power. In this sense, SO(TC) provides a good theoretical
base since, apart from been a highly expressive query language (recall that it captures PSPACE), it
enables natural and precise high-level definitions of complex practical problems, mainly due to its ability
to express properties in terms of declaratively specified computations. Note also that SO(TC) coupled
with hereditary finite sets and set terms, could be considered as a kind of declarative version of Blass,
Gurevich, and Shelah (BGS) model of abstract state machine, which is a powerful language in which all
computable queries to relational databases can be expressed. Our results can be summarized as follows.

1. We investigate to what extent universal quantification and negation are important to the expressive
power of SO(TC). Specifically, we consider the case where TC-operators are applied only to second-
order variables. We define a “purely existential” fragment of SO(TC), SO(2TC)(∃), as the fragment
without universal quantifiers and in which TC-operators occur only positively and bind only tuples
of relation variables. We show that the expressive power of this fragment collapses to that of
existential FO.

2. We investigate the expressive power of the monadic fragment, MSO(TC). On strings, this logic
is equivalent to the complexity class NLIN. Already on unordered structures, however, we show
that MSO(TC) can express counting terms and numeric predicates in NLOGSPACE. In particular,
MSO(TC) can express queries not expressible in the fixpoint logic FO(LFP).

3. We compare the expressive power of MSO(TC) to that of order-invariant MSO. Specifically, we
show that MSO(TC) can express queries not expressible in order-invariant MSO; over monadic
vocabularies, we show that order-invariant MSO is subsumed by MSO(TC).
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