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Causal Inference
Practical Positivity Violations

Causal Inference

Y: Outcome, A: treatment, W: Set of covariates.
Goal: Quantify the effect of treatment A on outcome Y
Step:

Specify the research question,

Formulate question that can be answered from data,

Define a parameter of interest and a procedure for estimation.
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Causal Inference
Practical Positivity Violations

Problem due to Near Practical Positivity Violations

Positivity Assumption: P(Ai = a|W ) > 0 ∀a, ∀i

Practical violations: Some patients have an estimated zero (or
near zero) probability of receiving some level of treatment

Near zero probabilities can create large weights which can add
instability on the estimator.

Possibly aggravated by using Machine Learning (ML) to
predict the probability of receiving treatment level (in
IPTW/TMLE, Schnitzer et al., 2016)

Possible solution: Truncation (what level?)
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Causal Inference
Practical Positivity Violations

Problem due to Near Practical Positivity Violations

In presence of residual confounding, inclusion of a variable that
is strongly associated with exposure and weakly associated
with the outcome can increase bias (Myers et al., 2011)

What about doubly robust (DR) estimators ?

Goal: Show by simulation studies that DR estimators can be
unstable (and possibly biased) under

Misspecification of the outcome model and

Practical positivity violations
1 Using ML to predict propensity score
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Parameter of interest

Let O = (Y ,A,W ) be the observed data, ψ0 the parameter of
interest (Average Treatment Effect). Under regular causal
assumption:

ψ0 = E0(Y
1)− E0(Y

0)
= EW ,0{E0(Y |A = 1,W )︸ ︷︷ ︸

Q̄0(1,W )

−E0(Y |A = 0,W )︸ ︷︷ ︸
Q̄0(0,W )

}.

with Q̄0(a,W ) = E0(Y |A = a,W ) the outcome expectation and
Y a is the potential outcome: the outcome when everybody is
exposed to A = a.
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Inverse Probability of Treatment Weighting (IPTW)

Let g0(A|W ) = P(A = 1|W ) be the propensity score (Rosenbaum
et Rubin, 1983),

ψIPTW
n =

1

n

n∑
i=1

(2A− 1)
Yi

gn(Ai |Wi )

with gn an estimator of g0
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Targeted Minimum Loss-Based Estimation (TMLE)

1 Obtain initial estimate Q̄0
n(a,W ) = Ên(Y |A = a,W )

2 Update Q̄0
n(a,W )

Q̄∗
n(a,W ) = Q̄0

n(a,W ) + ϵn/gn(A = a|W )

Estimate the propensity score gn of g0
MLE of ϵn among subjects with A=a

3 Substitute Q̄∗
n(a,W ) in ψ0 to get TMLE:

ψTMLE
n =

1

n

n∑
i=1

{Q̄∗
n(1,W )− Q̄∗

n(0,W )}

⇒ Double robust and locally efficient
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Super Learner

The algorithm chooses the best combination of a library of
multiple estimators using crossvalidation and performs at least as
well as the best estimator in the library(van der Laan et al., 2007).

1 GLM

E (Y |Ŷ (r)) = ..+ α1 Ŷ (1) + α2 Ŷ (2) + ...+ αk Ŷ (k)

2 GLM + Interaction 2x2

k LASSO

Each methods produces a cross-validated prediction

αr is determined by minimizing the cv prediction error.
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Data
Results

Data generation (ψ0 = 1)

W = (W1,W2) ∼ N(µ,Σ), µ = (0.5, 1),Σ =

∣∣∣∣2 1
1 1

∣∣∣∣
with W ∈ (−3, 4)

I1 ∼ N(1, 2), I1 ∈ [−3, 3]

I2 ∼ N(1, 1.9), I2 ∈ [−3, 3]

P ∼ N(1, 1.5),P ∈ [−3, 3]

.

g0(A = 1|W ) = expit{0.2 +W1 + 0.3I1 +W1I1 − 0.02(W2 + I2)
2}

Q̄0(A,W ) = 1 + A+W1 + 2W2 + 0.5(W1 + P)2 + N(0, 1)
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Results

Estimation Step

Estimating an Additive Treatment Effect: ψ0 = E0(Y
1)− E0(Y

0)

Q̄0 is misspecified,:

GLM : Y ∼ A+W1 +W2 + P

Model for g0:
1 Parametric Model: GLM : A ∼ W1 +W2 + I1 + I2 + P
2 Flexible model: SL : ”glm”, ”glm.interaction”, ”gam”, ”Lasso”
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Results (ψ0 = 1)

G-computation ψGLM
n = 0.82.

Table 1: Median bias.

n = 1000 n = 5000
Method 0% 2.5% 5% 0% 2.5% 5%

IPTW + GLM for gn 1.8 0.01 0.76 1.92 0.05 0.76
IPTW + SL for gn 1.07 1.5 1.7 0.9 1.47 1.7

TMLE + GLM for gn 0.10 0.06 0.07 0.14 0.08 0.10
TMLE + SL for gn 0.37 0.16 0.07 0.36 0.13 0.06
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Data
Results

Results (ψ0 = 1)

Table 2: Median Squared errors.

n = 1000 n = 5000
Method 0% 2.5% 5% 0% 2.5% 5%

IPTW + GLM for gn 3.85 0.10 0.64 3.84 0.02 0.6
IPTW + SL for gn 1.26 2.33 3.02 0.86 2.18 2.92

TMLE + GLM for gn 0.1 0.09 0.08 0.03 0.02 0.02
TMLE + SL for gn 0.39 0.12 0.06 0.24 0.04 0.01
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Data
Results

Results (ψ0 = 1)

Table 3: Coverage.

n = 1000 n = 5000
Method 0% 2.5% 5% 0% 2.5% 5%

IPTW + GLM for gn 0.28 0.99 0.67 0.2% 0.99 0.6%
IPTW + SL for gn 0.37 0 0 0.14 0 0

TMLE + GLM for gn 0.99 0.98 0.97 0.99 0.99 0.96
TMLE + SL for gn 0.47 0.74 0.87 0.34 0.65 0.83
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Conclusion

In the presence of misspecification of the outcome model, and
presence of practical positivity violations, the use of machine
learning methods for the propensity score can increase bias
even for DR estimators.

Possible solutions:
1 Data-adaptive selection of the truncation level (Bembom et

al., 2008)
2 Collaborative-TMLE (Gruber and van der Laan, 2010) instead

of TMLE.

So, how an analyst can detect or avoid such instability?

Ongoing work: Adapt the bootstrap diagnostic procedure of
Petearson et al., (2010).
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Personalized administration of IL7 in HIV infected patients
using a mechanistic model.

Laura Villain, Melanie Prague, Daniel Commenges, Rodolphe
Thiébaut
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Context

Some HIV-infected patients are unable to restore their levels of
CD4 + T cells (CD4).

IL7 is a cytokine produced by the organism (stromal cells).

Injections of IL7 could help the reconstitution of the immune
system.
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INSPIRE 1

Figure – Results of INSPIRE 1 study
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Data

Data from phase I / II trials : INSPIRE 1, 2 and 3.

138 HIV-infected patients.

Regular measurements of immunologic markers.

Figure – Design of INSPIRE 2 and 3 studies
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Objective

We want to keep the level of CD4 above the level of
500CD4/µL of blood, but without too many injections.

A mechanistic model was developed to show the effect of
IL7 on the population of CD4 T cells.

With this model, we use an MCMC algorithm to estimate the
individual parameters to personalized the IL7 injections.
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Mechanistic model

Model the different cell populations, as shown in the following
figure with the CD4 population.

Figure – P : proliferative CD4, R : resting CD4
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Mechanistic model


dR

dt
= λ− πR + 2ρP − µRR,

dP

dt
= πR − ρP − µPP,

(1)

λ is the cell production rate, π is the proliferating rate, ρ is the
return to resting state rate, µR is the death rate of resting
cells and µP is the death rate of proliferative cells.

7/15 Laura Villain, Melanie Prague, Daniel Commenges, Rodolphe ThiébautPersonalized administration of IL7



Statistical model



λ̃i (t) = λ̃0+ li

π̃i (t) = π̃0 + βπkdosei
0.251N i

t−N i
t+τ=1 +βc 1c>1

ρ̃i (t) = ρ̃0+ ri

µ̃iR(t) = µ̃R0 + βµrdosei
0.25 ∗ f (t)

µ̃iP(t) = µ̃P0

(2)

Random effects : li ∼ N (0, σ2
λ) on λ and ri ∼ N (0, σ2

ρ) on ρ.

We use a logarithmic transformation : λ̃i (t) = ln(λi(t))
f (t) = 1 if 2 < t < 360, f (t) = 1− (t − 360)/360 if
360 < t < 720 and f (t) = 0 if t > 720
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Observation model

We observe the total number of CD4 and the number of
proliferative cells (P) with a proliferation marker (Ki67).

{
(CD4ij)

0.25 = (P i (tij) + R i (tij))
0.25 + εij1,

(Pi
j)

0.25 = (P i (tij))
0.25 + εij2.

(3)

With εij1 ∼ N
(
0, σ2

CD4
)
and εij2 ∼ N

(
0, σ2

P

)
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Fits

Figure – Evolution of the total number of CD4 cells (cells/µL) on a
patient after IL7 injections. Black line : fit predicted by NIMROD. Red
dots : observations. Red lines : injections times.
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Optimization

If we have a new patient, we want to use this estimation to
optimize his injection.

We use the fist observation to estimate his random effects (λ
and ρ)

Then we can predict what will happen to him and take a
decision.

Each time we see the patient, our estimates of his parameters
are more precise.
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Method

To estimate the random parameters, we use a MCMC algorithm
(Gibbs sampling)

We use for the prior of the parameters the multinormal
distribution estimated by nimrod

The individual likelihood is given by :

L =
ncomp∏
i=1

nobsi∏
j=1

1
σi
√

2π
e
− 1

2 (
Xij−Yij

σi
)2

With Xij the observation of the compartment i at the time j,
and Y ij the solution of the EDO model for the compartment i
at the time j.
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Method

To estimate the random parameters, we use a MCMC algorithm
(Gibbs sampling)

With the Gibbs sampling, we can have a distribution of the
level of CD4 at the next visit.

We can calculate the risk to be under 500 CD4 at the next
visit

If the risk is too high, we administrate a new cycle of injection.
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Comparison between protocols

Cycles time under 500 Mean of CD4
Initial Protocol 4 103 667
Personalized Protocol 5 0 793
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Conclusion

We still have to run simulations over a large number of
patients.

The simulation will help us to determine the optimal limit of
the risk.
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Covariate association eliminating weights: a
unified weighting framework for causal effect
estimation with general treatment regimes

Sean Yiu and Li Su

MRC Biostatistics Unit, School of Clinical Medicine, University of Cambridge



Systemic lupus erythematosus

Systemic lupus erythematosus (SLE) is a chronic disease
that affects multiple organ systems.
Steroids are effective and low-cost treatments for relieving
disease activity in SLE patients.
However, current evidence suggests that steroids exposure
could be associated with permanent organ damages that
are not attributable to SLE disease activity.
This motivates investigating the causal dose-response
relationship between the average steroids dose per day (in
mg) and the number of damaged items.



Notation and target of inference

T = log(average steroids dose per day + 1).
Y =number of damaged items that are accrued in the
period O.
X =set of observed covariates that confound the effect of
T on Y .
Y (t) =outcome that would have arisen had we set T = t .
The goal is to estimate log(E[Y (t)])− log(E[Y (0)]) = µ(t).



Assumptions

Assumption 1: Strong ignorability of treatment
assignment1 (no unmeasured confounding assumption)

T⊥⊥Y (t)|X , t ∈ T .

Assumption 2: Positivity2

pr(T ∈ A|X ) > 0

for all X and any measurable set A with positive measure.
Under these assumptions E[Y (t)] = E[E{Y |X ,T = t}].



Inverse probability weighting

IPTW consist of weighting each unit by
Wi = pr(Ti)/pr(Ti |Xi).
It can be shown that4 pr∗(Ti |Xi) = pr(Ti) and that
µ∗(t) = µ(t). Here ∗ denotes the pseudo population after
weighting.
Because weighting by Wi removes confounding,
µ(t) = log(E∗[Y |T = t ])− log(E∗[Y |T = 0]).



Maximum likelihood estimation for inverse probability
of treatment weights

In practice Wi has to be estimated.
A common approach to estimating Wi is
pr(Ti ; α̂)/pr(Ti |Xi ; β̂) where α̂ and β̂ are obtained using
maximum likelihood estimation (MLE).
If pr(Ti |Xi ;β) is correctly specified, Ti will be independent
of Xi after weighting. However, if pr(Ti |Xi ;β) is
misspecified, weighting by Wi may not even reduce the
dependence of Ti on Xi .
The MLE approach indirectly targets
pr∗(Ti |Xi ; β̂) = pr(Ti ; α̂). We propose to directly target
pr∗(Ti |Xi ; β̂) = pr(Ti ; α̂).



Covariate association eliminating weights

For known weights W = (W1, . . . ,Wn), we can fit a
propensity function model pr(Ti |Xi ;β(W )) to the data
weighted by W by solving:

n∑
i=1

Wi
∂

∂β(W )
log[pr{Ti |Xi ;βd(W ), βb(W )}] = 0. (1)

β(W ) = {βb(W ), βd(W )}, where βd(W ) are the regression
coefficients and βb(W ) are the intercept terms.
W.L.O.G. we assume that
pr[Ti |Xi ; {βb(W ), βd(W ) = 0}] = pr{Ti ;βb(W )}.



Covariate association eliminating weights

We propose to invert (1) by solving for W the equations:

n∑
i=1

Wi

(
∂

∂β(W )
log[pr{Ti |Xi ;β(W )}]

∣∣∣
{βb(W )=α̂,βd (W )=0}

)
= 0.

(2)
where α̂ is obtained by fitting pr(Ti ;α) to the observed
data.
(2) is therefore targeting the weighted data where (i) Ti is
not associated with Xi as described by pr{Ti |Xiβ(W )} and
(ii) the marginal distribution of Ti is preserved from the
observed data, as described by pr(Ti ; α̂).



Semi-continuous case

pr(Ti |Xi ;πi , µi , σi) = (1− πi)
I(Ti=0)

[
πi

σi
φ

{
Ti − µi

σi

}]I(Ti>0)

where πi = 1/[1 + exp{−βπ(W )′X ∗i }], µi = βµ(W )′X ∗i and
σi = exp{βσ(W )′X ∗i }. Using the CAEW methodology, we can
derive the targeted conditions

n∑
i=1

WiX ∗i {I(Ti > 0)− π0} = 0,

∑
i:Ti>0

WiX ∗i

{
Ti − µ0

σ2
0

}
= 0,

∑
i:Ti>0

WiX ∗i

[
−1 +

{Ti − µ0}2

σ2
0

]
= 0

where π0 = 1
n
∑

i I(Ti > 0) and µ0 and σ2
0 are the sample mean

and variance of the positive values of Ti .



Weights estimation

Motivated by stable balancing weights estimation7, we consider
estimating W by solving:

minimize
n∑

i=1

(Wi − 1)2 (1)

subject to (2)
n∑

i=1

Wi

(
∂

∂β(W )
log[pr{Ti |Xi ;β(W )}]

∣∣∣
{βb(W )=α̂,βd (W )=0}

)
= 0,

(3)
n∑

i=1

Wi = n, and Wi ≥ 0, i = 1, . . . ,n. (4)

This can be implemented using the lsei function in the R
package limSolve8.



Simulation study

X1i , X2i and X3i are iid N(0,1)
Ti is semi-continuous with
pr(Ti > 0) = 1/{1 + exp(−(1 + X1i + X2i + X3i))} and
Ti |Ti > 0 ∼ N(1 + 0.5X1i + 0.2X2i + 0.4X3i , exp(0.3 +
0.3X1i + 0.1X2i + 0.2X3i))

Yi ∼ NB(µi , θ = 1), µi =
exp(−1+0.5Ti +2/{1+exp(−3X1i)}+0.2X2i−0.2 exp(X3i))

Consider 2 propensity function models:correct and
transformed covariates. Transformed covariates are
{(1 + X1i + X2i)

2,X2i/(1 + exp(X1i)), (X3i)
3}.

Outcome model Yi ∼ NB(µi , θ), µi = exp(γ0 + γ1Ti)

n = 500, 1000, 2500 and 4000.



Simulation study results-correctly specified model
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Simulation study results-misspecified model
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Weights estimation

We considered BILAG, age at SLE diagnosis, disease
duration and race/geographical location group as
covariates.
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Causal dose-response relationship estimation

Yi ∼ NB(µi , θ),
µi = Oi exp(γ0 + γ1 log(average steroids dose per day + 1))

Table: Parameter estimates and 95% confidence intervals from fitting
the weighted outcome regression model to the SLE data. ? denotes
the g(x) = log(x + 1) transformed version of the variable.

CAEW MLE
Intercept -2.57 (-2.93, -2.29) -2.47 (-2.89, -2.11)
Steroids? 0.40 (0.24, 0.56) 0.33 (0.16, 0.52)
θ 1.41 (0.70, 2.27) 1.17 (0.34, 2.22)



Summary

We have presented a framework for causal effect
estimation with general treatment regimes.
Our framework is motivated by eliminating the associations
between covariates and treatment assignment after
weighting.
Our current work focuses on extending the CAEW
framework to the longitudinal setting.
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1 Introduction

2 Pseudo-likelihood for Incomplete Binary Data

3 Data Application

4 Discussion
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Missingness Process and Inferential Framework

Missingness Process:

Missing completely at random (MCAR)

Missing at random (MAR)

Missing not at random (MNAR)

Inferential Framework:

Direct Likelihood: valid under MAR (ignorability)

→ Marginalization, complex, misspecification

1 Generalized Estimating Equations (GEE): valid under MCAR

→ WGEE valid under MAR

→ Misspecification weight model: double robust approaches

2 Pseudo-likelihood (PL)
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Pseudo-likelihood

Replacing a likelihood function due to computational convenience

Corrections to standard form of PL for validity under MAR

(Molenberghs et al., Stat Sinica, 2011)

Single robustness: inverse probability weighting

Double robustness: predictive model

Marginal pairwise pseudo-likelihood for longitudinal binary data with

dropout
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Background

Yij : response for ith subject at the jth occasion

(i = 1, . . . ,N; j = 1, . . . , ni )

Model f (y i |θ) with Y i = (y1i , . . . , yini )
′, independence assumed

Pairwise marginal likelihood: log-likelihood

`(θ) =
N∑
i=1

f (yi1, . . . , yini |θ),

is replaced by

p`(θ) =
N∑
i=1

∑
1≤j<k≤ni

f (yij , yik |θ) (1)
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Background (2)

Maximization by solving the pseudo-likelihood (score) equations

differentiating the logarithmic equations and equating to zero

Under suitable regularity conditions this produces a consistent and

asymptotically normal estimator, θ̃,

√
N(θ̃N − θ)

d→ Np[0, I0(θ)−1I1(θ)I0(θ)−1],

with θ the true parameter.
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Incomplete binary data

Y i divided in observed part Y 0
i and missing part Ym

i ,

with missingness indicators R = (Ri1, . . . ,Rini )
′ or dropout indicator

di = 1 +
∑ni

j=1 Rij .

Molenberghs et al. (2011) developed general forms of estimating

equations for incomplete data.

Naive, Singly robust (sr), Double robust (dr)

Complete cases (CC), complete pairs (CP), available cases (AC)
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Estimating Equations: Naive

type U∗,naive

UCC,∗
∑N

i=1 R̃i
∑

j<k U i (yij , yik)

UCP,∗
∑N

i=1

∑
j<k<di

U i (yij , yik)

UAC,∗
∑N

i=1

[∑
j<k<di

U i (yij , yik) +
∑di−1

j=1 (ni − di + 1)U i (yij)
]

with R̃i = 1 if subject i is fully observed, 0 otherwise.
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Estimating Equations: Single Robust

type U∗,sr

UCC,∗
∑N

i=1
R̃i
πi

∑
j<k U i (yij , yik)

UCP,∗
∑N

i=1

∑
j<k<di

Rijk

πijk
U i (yij , yik)

UAC,∗
∑N

i=1

[∑di−1
j=1

Rij

πij
U i (yij) +

∑
j<k

Rik
πik
U i (yik |yij)

]
with πi probability completely observed; πij probability observed up to occasion j .

Rijk and πijk indicator and probability for both occasions j and k.
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Estimating Equations: Double Robust

type U∗,dr

UCC,∗
∑N

i=1

∑
j<k

[
R̃i
πi
U i (yij , yik) +

(
1− R̃i

πi

)
EY m|y oU i (yij , yik)

]

UCP,∗
∑N

i=1

∑
j<k<ni

[
Rijk

πijk
U i (yij , yik) +

(
1− Rijk

πijk

)
EY m|y oU i (yij , yik)

]

UAC,∗
∑N

i=1

[∑
j<k

Rik
πik
U i (yik |yij) +

∑di−1
j=1

Rij

πij
U i (yij)

+
∑

j<k

(
1− Rik

πik

)
EY m|y oU i (yik |yij) +

∑di−1
j=1

(
1− Rij

πij

)
EY m|y oU i (yij)

]
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Estimating Equations: Double Robust(2)

An important result is that all three doubly robust versions coincide, i.e.,

UCC,dr = UCP,dr = UAC,dr =

=
N∑
i=1

 ∑
j<k<di

U i (yij , yik) +

di−1∑
j=1

(ni − di + 1)U i (yij)

+
∑

j<di≤k
E [U i (yik |yij)] +

∑
di≤j<k

E [U i (yij , yik)]

 . (2)

Not necessary to explicitly model the missing-data mechanism.

Under exchangeability the expectations vanish. → Observed data

analysis, i.e. naive.
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Bahadur model

Pairwise Bahadur Probabilities

νijk = νijνik

[
1 + ρijk

1− νij√
νij(1− νij)

1− νik√
νik(1− νik)

]

with νij = P(Yij = 1), νijk = P(Yij = 1,Yik = 1), and

νik|j = P(Yik = 1|yij = `)(` = 0, 1).

Pairwise log-likelihood terms:

p`ijk = yijyik ln νijk + yij(1− yik) ln(νij − νijk) + (1− yij)yik ln(νik − νijk)

+ (1− yij)(1− yik) ln(1− νij − νik + νijk)
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Precision Estimation

Naive case

U =
∑N

i=1V i (θ) Bahadur model

Asymptotic variance-covariance matrix can then be consistently

estimated by Î −10 Î1 Î
−1
0 , with

I0 =
∂V i

∂θ
and I1 =

N∑
i=1

S i (θ̂)S ′i (θ̂). (3)
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Precision Estimation (2)

Single Robust case

U =
∑N

i=1V i (θ) Bahadur model

W =
∑N

i=1W i (ψ) Logistic model

Asymptotic variance-covariance matrix can then be consistently

estimated by Î −10 Î1 Î
−1
0 , with

I0 =
N∑
i=1


∂V i

∂θ
∂V i

∂ψ

0 ∂W i

∂ψ

 and I1 =
N∑
i=1

S i (θ̂, ψ̂)S ′i (θ̂, ψ̂). (4)
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Precision Estimation (3)

Double Robust case

U =
∑N

i=1V i (θ) Bahadur model

W =
∑N

i=1W i (ψ) Logistic model

T =
∑N

i=1T i (φ) Conditional Bahadur model

Asymptotic variance-covariance matrix can then be consistently

estimated by Î −10 Î1 Î
−1
0 , with

I0 =
N∑
i=1



∂V i

∂θ
∂V i

∂ψ
∂V i

∂φ

0 ∂W i

∂ψ
0

0 0 ∂T i

∂φ


and I1 =

N∑
i=1

S i (θ̂, ψ̂, φ̂)S ′i (θ̂, ψ̂, φ̂),

(5)
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Application: Analgesic Clinical Trail

Single-arm clinical trail with 395 patients given analgesic treatment

for pain caused by chronic non-malignant disease.

Treatment: 12 months

Five-point ’Global Satisfaction Assessment’ (GSA): (1) very good; (2)

good; (3) indifferent; (4) bad; (5) very bad.

Dichotomized version: 1 if GSA ≤ 3 and 0 otherwise

Covariates: age, sex, weight, duration of pain in years prior to the

start of the study, type of pain, physical functioning, psychiatric

condition, respiratory problems, etc.
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Application: Analgesic Clinical Trail (2)

GSA was rated four times during the trial: at months 3, 6, 9, and 12.

Missingness in the data: 40% dropout and 20% intermittent

Table: Absolute and relative frequencies.

GSA Month 3 Month 6 Month 9 Month 12

1 55 14.3% 38 12.6% 40 17.6% 30 13.5%

2 112 29.1% 84 27.8% 67 29.5% 66 29.6%

3 151 39.2% 115 38.1% 76 33.5% 97 43.5%

4 52 13.5% 51 16.9% 33 14.5% 27 12.1%

5 15 3.9% 14 4.6% 11 4.9% 3 1.4%

Total 385 302 227 223

Consider only completers and dropouts, a subset of 328 patients, and

the dichotomized outcome.
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Analysis

Preliminary analyses: the linear and square effects of time tij , as well

as the effect of baseline pain control assessment (PCA0, denoted xi )

are of importance.

The marginal regression model for the dichotomized GSA score

denoted as Y :

logit P(Yij = 1|tij , xi ) = β0 + β1tij + β2t
2
ij + β3xi . (6)

with a Toeplitz type correlation structure.
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Analysis (2)

A logistic regression for the dropout indicator: with previous outcome

(yi ,j−1) and pain control assessment at baseline (xi ), i.e.,

logit P(Di = j |Di ≥ j , xi , yi ,j−1) = ψ0 + ψxxi + ψprevyi ,j−1. (7)

ψprev (p < .0001): MAR.

Weights are then calculated based on predicted probabilities from this

logistic model.
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Results

Naive case:

Table: Parameter estimates for naive pairwise likelihood and for full likelihood.

Effect Par. UCC,naive UCP,naive UAC,naive U full.lik.

Inter. β0 3.131 (0.678) 2.962 (0.563) 2.590 (0.493) 2.626 (0.509)

Time β1 -0.913 (0.492) -0.908 (0.401) -0.675 (0.354) -0.602 (0.362)

Time2 β2 0.170 (0.096) 0.177 (0.081) 0.151 (0.074) 0.120 (0.076)

PCA0 β3 -0.130 (0.132) -0.125 (0.113) -0.186 (0.099) -0.209 (0.106)

corr1 ρ(1) 0.217 (0.069) 0.244 (0.055) 0.259 (0.057) 0.297 (0.063)

corr2 ρ(2) 0.199 (0.075) 0.234 (0.068) 0.250 (0.069) 0.293 (0.074)

corr3 ρ(3) 0.224 (0.102) 0.232 (0.104) 0.240 (0.104) 0.337 (0.117)

Hermans et. al CNC 25-04-2017 20 / 25



Results

Single robust case:

Table: Parameter estimates for singly robust pairwise likelihood.

Effect Par. UCC,sr UCP,sr UAC,sr

Inter. β0 3.090 (0.637) 2.712 (0.552) 1.718 (0.560)

Time β1 -0.997 (0.468) -0.775 (0.389) -0.280 (0.347)

Time2 β2 0.193 (0.090) 0.151 (0.078) 0.092 (0.070)

PCA0 β3 -0.195 (0.133) -0.167 (0.113) -0.196 (0.115)

corr1 ρ(1) 0.263 (0.079) 0.295 (0.062) 0.333 (0.064)

corr2 ρ(2) 0.257 (0.086) 0.273 (0.076) 0.303 (0.076)

corr3 ρ(3) 0.295 (0.115) 0.298 (0.112) 0.299 (0.108)
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Results

Double robust case:

Table: Parameter estimates for singly robust pairwise likelihood.

Effect Par. UCC,dr UCP,dr UAC,dr

Inter. β0 3.577 (1.136) 2.736 (0.874) 1.533 (0.692)

Time β1 -1.333 (0.851) -0.785 (0.647) -0.104 (0.480)

Time2 β2 0.241 (0.164) 0.149 (0.132) 0.052 (0.108)

PCA0 β3 -0.196 (0.220) -0.153 (0.193) -0.197 (0.147)

corr1 ρ(1) 0.255 (0.118) 0.305 (0.088) 0.366 (0.108)

corr2 ρ(2) 0.247 (0.165) 0.281 (0.139) 0.338 (0.158)

corr3 ρ(3) 0.305 (0.276) 0.329 (0.275) 0.350 (0.243)
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Discussion

PL practical alternative to full likelihood

Circumvent numerical en computational issues

Missing data: singly and double robustness

→ Broadens the tool base for marginal models for incomplete

non-Gaussian longitudinal data.

Under exchangeability: naive available case as efficient as double

robust estimators
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Thank you for your attention!
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Organization of the talk

1. Counterfactuals and potential outcomes
2. Problems with potential outcomes
3. Causal inference in observational studies without potential

outcomes

Background: development of the potential outcome theory:
Neyman, Rubin, Robins...
Alternative: dynamic approach: Granger, Aalen, Arjas, Didelez,
Commenges...



Counterfactuals and potential outcomes



Counterfactuals

Example: Yi : headache at t1; Xi aspirin at t0 < t1 for subject i .

1. Counterfactual event: Observed Xi = 0 ; Xi = 1 is a
counterfactual event

2. Counterfactual question: “What would have been Yi if the
counterfactual event Xi = 1 had occurred ?”



A classification of causal questions

I Prospective questions: “What will be the difference in the
outcome for subject i between the two actions: giving
treatment 0 or giving treatment 1 to subject i ?”

I Retrospective questions: “Subject i has experienced event
A; what is the cause of this event”

I Different modalities of prospective and retrospective
questions: individual or population level, multiple effects,
multiple causes

I In fact, counterfactuals questions are stimulating but not
scientifically interesting.

I One can answer counterfactual questions without the use
of PO



Potential outcomes

Potential outcomes are defined as variables associated to each
potential event, whether counterfactual or not; Y (1) is the
potential outcome for X = 1, Y (0) is the potential outcome for
X = 0; so if X = 0 has been observed, Y (0) is observed but
Y (1) is counterfactual.

Definition of the causal effect via potential outcomes
The causal effect for subject i is:

Yi(1)− Yi(0).

Since only one of the potential outcomes is observed, the
causal effect is not observed. Rubin (J Educ Psychol, 1974)
showed that it could be estimated under the SUTVA
assumptions.



Potential outcomes

Potential outcomes are defined as variables associated to each
potential event, whether counterfactual or not; Y (1) is the
potential outcome for X = 1, Y (0) is the potential outcome for
X = 0; so if X = 0 has been observed, Y (0) is observed but
Y (1) is counterfactual.

Definition of the causal effect via potential outcomes
The causal effect for subject i is:

Yi(1)− Yi(0).

Since only one of the potential outcomes is observed, the
causal effect is not observed. Rubin (J Educ Psychol, 1974)
showed that it could be estimated under the SUTVA
assumptions.



Extensions

Many extensions
of particular interest, the marginal structural models (MSM)
(Robins et al., Epidemiology, 2000) allow to estimate the effect
of a treatment in presence of time-varying confounding.

MSM
Hernan et al (Stat Med, 2002) applied MSM to estimating the
effect of zidovudine on CD4 count. Naive regression of CD4
count on treatment is biased because treatment is given to
worse cases (indication bias). MSM allows correcting the bias.



Criticisms: general

1. It is at odd with the Kolmogorov formalism and it may raise
theoretical problems with continuous variables and
continuous time

2. The status of random variables for the potential outcomes
is not clear

3. There is no modeling of measurement error
4. The causal effect is defined in the sample while we want to

extrapolate
5. The whole approach is influenced by randomized trials for

one treatment while in epidemiology causality is multiple
6. Most of the work focusses on marginal effects while

conditional effects are very important
7. Time is not correctly taken into account



Criticisms: issues for the MSM

1. The Marginal structural models (MSM) use weights based
on the probability of treatment attribution; treatment
attribution is not always simple and the modeling effort
bears on it rather than on the development of the disease

2. The weights may be unstable and the GEE may
experience a loss of power

3. (The MSM can be derived without the use of potential
outcomes (Roysland, Bernoulli, 2011))



1:at odd with the Kolmogorov; 2: status of
random variable

I The theoretical foundation of probability dates back from
Kolmogorov (1933). In this formalism, a random variable is
defined as an application from a space Ω to another space
<

I Y is an application from the “universe” (Ω,Σ) on to the real
line (<,B)

I “Nature” chooses an element ω ∈ Ω and then the random
variable takes the value Y (ω). Thus, in a sense, a random
variable has already potential outcomes! no need to
specify a probability measure

I A probability measure on (Ω,Σ) induces a probability
measure on (<,B) through the variable Y (the distribution
of Y ). One can assume that there is a true probability
measure according to which “Nature” chooses ω)

I One can consider different probability measures



1: at odd with the Kolmogorov; 2: status of
random variable

I Several potential outcomes for the same outcome; a
continuous infinity of potential responses for continuous X ;
if the treatment X varies with time, an infinity of potential
outcomes for each Xt , and an infinity of values of t . For
Y (x) to be a random variable we have to build an infinity of
potential universes !

I So the status of random variables is questionable; Y (x)
are simply potential observable values, most of them
unobserved



3: no modeling of measurement error

Measurement errors are not modeled. Even if we could observe
a quantitative outcome Y under both Xi = 0 and Xi = 1, we
would observe Yi(0) = Y ∗i (0) + ε0i and Yi(1) = Y ∗i (1) + ε1i
The observed causal effect would be

Yi(1)− Yi(0) = Y ∗i (1)− Y ∗i (0) + ε0i + ε1i



4: the extrapolation issue

The average treatment effect is defined in the sample. The
variance of the estimator is computed in the sample.
There is an extrapolation step needed for concluding for the
population, which is what is wanted.
This can be treated (see Imbens and Rubin, Causal Inference,
2015) but is an additional complication.



5: multiple causes and 6: conditional effects

Influence of clinical trials
The PO approach was proposed in the context of randomized
trial, first in agronomy (Neyman, 1923), then in clinical trials
(Rubin, J Educ Psychol, 1974).
The basic problem is that of estimating the effect of a binary
treatment on an outcome.

Epidemiological problems
Epidemiological problems are much more complex: multiple
causes of a disease, multiple effects of a factor, effects
modified by factors,...



7: time not properly taken into account

I Time is taken into account only by saying that some
variables are taken before other variables; in the works of
Robins and coworkers, we get closer to a stochastic
process point of view

I The PO approach leads to difficulties when treating
mediation (Aalen et al., JRSS-A, 2012), truncation by
death, effect of a factor in particular populations (obesity
for mortality of diabetic people).



7: example: truncation by death

I Rubin (Stat Sci, 2006) proposed to estimate the survival
average causal effect (SACE) (based on principal
stratification): the causal effect is defined for subjects who
would have survived under both treatments)

I SACE was criticized by Sjolander et al (Int J Biostat, 2011)
and others...: the group of always survivors is
non-identifiable; SACE can only be bounded; moreover the
effect on the risk of death must be studied.

I The problem has a very natural solution in the stochastic
system approach (Commenges, 2017)



Causal inference in observational studies
without potential outcomes

I The MSM can be derived without the use of potential
outcomes (Roysland, Bernoulli, 2011).

I A theory of causal inference (in line with Aalen, Act. Sci,
1987), can be derived by a stochastic system approach
(Commenges and Gégout-Petit, 2009)

I Practically, dynamic models do a good job (Prague et al.,
Biometrics, 2017).



MSM with PO; fixed exposure

I A model is assumed for the marginal effect of A and an
estimation equation is proposed for estimating it. In the PO
formalism this is noted Eβ[Ya] = g(a;β). Assuming the
marginal model well-specified, there is β∗ such that
E[Ya] = g(a;β∗).

I It has been shown that a weighted estimation equation,
allows consistently estimating g(a;β∗);

n∑
i=1

WS(Ai ,Ci)D(Ai ;β)[Yi − g(Ai ;β)] = 0,

where D(Ai ;β) is the derivative of g(Ai ;β) wrt β.



C 

A Y 

C 

Y A 

a) b) 

Figure: Influence graphs for A, Y and C: a) observational study; b)
experiment.

In the experimental setting where A and C are independent



MSM without PO; fixed exposure

I Problem: find β such that: Eex{D(A;β)[Y − g(A;β)|A]} = 0
I We want to find weights such that:

E{w(A,C)D(A;β)[Y−g(A;β)|A]} = Eex{D(A;β)[Y−g(A;β)|A]}

I For any quantity Q(Y ,A,C) we have
E[w(A,C)Q|A] = Eex [Q|A] if and only if w(A,C) = fA(A)

fA|C(A;C)

Proof:

E[wQ|A] =

∫
Q(y ,A, c)w(A, c)fY |A,C(y ; A, c)fC|A(c; A)dy dc

=

∫
Q(y ,A, c)fY |A,C(y ; A, c)fC(c)fA(A)dy dc

= Eex [Q|A],



MSM without PO; time-varying exposure

I The approach can be made more general because it
derives from the Radon-Nikodym derivative. Murphy et al
(JASA, 2001) used this approach, recognizing that there
was no need for potential outcomes...

I For time-varying confounding the analogous approach
uses Girsanov Theorem (Roysland, Bernoulli, 2011)
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