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Abstract

Flow and transport processes in porous media are relevant for a huge variety of
applications covering all areas of modern society. To describe and predict the rele-
vant processes, it is crucial to understand the complicated underlying phenomena.
The mathematical models are based on fundamental balance equations, which are
complemented by constitutive equations describing the specific material behav-
ior. These relations must be expressed using effective parameters, which should
combine all pore-scale effects.

However, these parameters are simply postulated in many state-of-the-art mod-
els and not derived from a pore-scale model. In particular, the interface dynamics
between the fluids are typically neglected or incorporated on an empirical basis.
In the first part of this work, we consider these effects for simple pore geometries
and apply upscaling techniques to derive effective two-phase flow equations.

The upscaled models at the Darcy scale are coupled, nonlinear partial differential
equations, which may even degenerate and can involve strong heterogeneities or
even discontinuous physical properties. These issues raise analytical and numeri-
cal challenges. Besides appropriate discretization methods, linearization schemes
must be applied. By domain decomposition methods, essentially different regions
are decoupled to parallelize computations and reach a reasonable performance.
These numerical aspects are considered in the second part of this work.

Two-phase flow in single pores

First, we consider the flow of two immiscible fluids in a single pore, which is ideal-
ized to a long, thin strip or tube. The fluids are separated by a moving interface,
which is in contact with the pore wall. Its evolution is driven by the fluid flow and
the surface tension. Assuming a scale separation induced by a small aspect ratio of
the pore, we apply matched asymptotic expansions to derive effective models for
the two-phase flow in the limit as this ratio approaches zero. The resulting aver-
aged model combines Darcy-type equations for the flow with a capillary pressure
- saturation relationship involving dynamic effects. Numerical examples illustrate
the effects of a varying wall width, of the physical parameters, as well as of having
a dynamic and hysteretic contact angle model.
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Moreover, we apply the averaged model to the capillary rise of a fluid in cylindrical
tubes. Here, the model extends the classical Lucas—Washburn model by incorpo-
rating a dynamic contact angle and slip. We further extend the model to account
for inertial effects. To validate the different models, their solutions are compared
to experimental data. In contrast to the Lucas-Washburn model, the results of the
models with dynamic contact angle match the experimental data well, both the
rise height and the contact angle, even at early times.

Numerical methods at the Darcy scale

First, we discuss linearized domain decomposition methods for models of two-
phase flow in porous media incorporating non-equilibrium effects like dynamic
capillarity and hysteresis. For the temporally discretized, nonlinear equations, we
propose two schemes which combine the L-scheme and a non-overlapping domain
decomposition method into one iteration. We prove the existence and convergence
of the solutions for both iterative schemes. The convergence holds independently
of the initial guess, and under mild constraints on the time step. Additionally, the
schemes are independent of the spatial discretization, and avoid the computation
of derivatives. Numerical examples confirm the theoretical results and demonstrate
the robustness of the schemes.

Domain decomposition methods can have poor performance when applied to de-
generate problems. We consider the linear stationary advection-diffusion equation
in one dimension as a prototypical application for non-overlapping domain decom-
position methods with Robin transmission conditions. We show that the continuous
algorithm is asymptotic-preserving only if the parameter in the transmission condi-
tion tends to the advection speed for vanishing diffusion. After discretization by a
cell-centered finite volume method, the discrete algorithm can inherit the proper-
ties of the continuous one. However, we prove that a proper, but asymmetric choice
of the discrete Robin transmission conditions yields an asymptotic-preserving dis-
crete algorithm without constraint on the transmission parameter. We illustrate
our results with numerical experiments in one and two dimensions.

Finally, we propose a non-overlapping domain decomposition method with Robin
transmission conditions for nonlinear advection-diffusion equations. We prove the
existence and convergence of the iterative solutions, and present a discretization
for the iterative problems using a forward Euler method in time and a finite volume
method in space. The algorithm includes a local Newton iteration for solving the
nonlinear transmission conditions. Using the results of the previous linear case, the
discrete algorithm is asymptotic-preserving, i.e., robust in the vanishing diffusion
limit. Numerical results confirm the theoretical findings. In particular, we show the
successful application of this method for two-phase flow problems in porous media
involving strongly nonlinear fluxes.
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Chapter

Introduction

Flow and transport processes in porous media are research fields of importance for
a variety of applications covering all areas of modern society. Originating from the
field of subsurface flow [30,86,156], these phenomena quickly attracted interest
in related areas such as reservoir engineering for enhanced oil recovery [200],
geological CO, storage [245], soil remediation [80] and microbial bio-film growth
[202], etc. Beyond the geosciences, it is relevant in biological processes such as
flow and transport in tissue [222,309], in industrial processes such as reactive
transport and catalysis [173], as well as in the design of thin structures from
printing paper and hygiene products to buildings and pavement to fuel cells [92,
258,300].

In all these applications, it is crucial to understand the complex underlying phe-
nomena to describe and predict the relevant processes. Experimental observations
lay the foundation for the development of theories and models. However, detailed
experimental measurements are often extremely costly, e.g. in reservoirs several
kilometers below the surface; if feasible at all, e.g. in bio-medical applications of
drug delivery in living brain tissue. Instead, mathematical modeling, analysis and
numerical simulations provide a broad set of tools to investigate such processes.
This allows for various levels of abstraction depending on the desired accuracy in
the application, while having minimal direct consequences on the subject of inter-
est, and might even lead to a reduction of required experiments.

The mathematical models typically consist of partial differential equations, which
describe the evolution of quantities of interest, such as velocities, concentrations,
etc., based on fundamental balance equations for mass, momentum and energy
[31]. These equations are then complemented by constitutive equations, which
describe the specific material behavior, e.g. Darcy’s law for the flow of a fluid
through a porous medium [86]. The complex pore structure and the exact distri-
bution of fluids are simplified into a representation by averaged quantities such as
the porosity and saturation. The relations between these macroscopic quantities
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must be expressed with the help of effective parameters, which should combine
all pore-scale effects. However, these parameters are simply postulated in many
state-of-the-art models and not derived from a model valid at the pore scale. In
particular, effects due to interface dynamics between the fluids are typically ne-
glected or incorporated on an empirical basis. In the first part of this work, we
consider these effects for simple pore geometries and use upscaling techniques to
derive effective equations for two-phase flow.

The resulting upscaled models, as well as the standard models, are coupled, non-
linear partial differential equations, which may even degenerate and change type
in an a-priori unknown manner, depending on the solution itself. Furthermore,
these models can involve strong heterogeneities due to largely varying or even
discontinuous physical properties and parameters. This tremendous complexity
leads to significant analytical and numerical challenges for the simulation of these
processes. Hence, the mathematical design and analysis of suitable and robust
computational methods are required. Besides appropriate discretization methods
in time and space, linearization schemes must be applied to resolve the nonlin-
ear equations. In the situation of block-type heterogeneities, a typical approach
is the additional application of domain decomposition methods to decouple the
essentially different regions. This reduces the computational cost for the individ-
ual sub-domains at the cost of a further iteration to recover the correct interface
conditions. The main advantage lies in the parallelization of the sub-domain com-
putations to reach a reasonable performance for large-scale applications. These
numerical aspects are considered in the second part of this work for nonlinear
advection-diffusion equations in the context of two-phase flow in porous media.

In the remainder of this chapter, we discuss the fundamentals used within this
work. We begin with the conceptual ideas of scales and modeling approaches in
Section 1.1. This is followed by the modeling applied at pore scale in Section 1.2
and at Darcy scale in Section 1.3. Furthermore, we introduce upscaling approaches
in Section 1.4 as tools to derive effective constitutive equations at Darcy scale
based on an underlying pore-scale model. The numerical methods required to solve
these models are discussed in Section 1.5. Finally, Section 1.6 outlines this work.

1.1. Scales and modeling approaches

Modeling of flow and transport phenomena is possible at various scales, depending
on the desired application, see Fig. 1.1. At the molecular scale, the movement and
interactions of atoms and molecules are considered. Due to the enormous number
of molecules, this approach is infeasible for domain lengths above few micrometers.
However, physical properties used on larger scales, such as density, viscosity or
interfacial tensions, can be derived at this scale based on molecular properties.
The continuum hypothesis is used at larger scales to model the behavior of mate-
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Figure 1.1.: Scales and modeling approaches. Leftmost sub-figure taken and rear-
ranged from [221, Fig. 2] (CC-BY 4.0).

rials. Then, the physical properties of a phase are modeled by typically continuous
functions in space and time, similar to the result of an averaging over a significant
number of molecules around each point in space-time. Although a phase might
consist of a mixture of substances, it has a unified set of constitutive equations,
also known as equations of state. As a consequence, phases are typically immis-
cible and separated by sharp interfaces, across which the physical properties may
be discontinuous.

At the pore scale, one can distinguish between the fluid and solid phases, so that
the detailed geometry, including individual interfaces, grains, fractures, etc. are
recognizable. Measurements at this scale are possible in the range of micrometers
up to a few centimeters, see e.g. Fig. 1.2. The modeling of flow is typically based on
the Navier-Stokes equations and includes interactions of the phases at interfaces,
such as interfacial tension.

To represent larger domains of porous media, a further averaging is applied
over a so-called representative elementary volume. This has to be chosen in such
a way that the averaged quantities again satisfy the continuum hypothesis. As
a consequence, the micro-structure is no longer identifiable, and all phases fill
the continuum simultaneously. The modeling on this scale is typically based on
conservation laws including the phase saturations, the capillary pressure between
fluid phases, which results from interfacial tension, and the (extended) Darcy law
for fluid flow. Thanks to the latter, this scale is often also called Darcy scale.

In the following two sections, we discuss in detail the mathematical modeling of
two-phase flow in porous media based on the continuum hypothesis — first at the
pore scale and subsequently at the Darcy scale.

1.2. Modeling of two-phase flow at the pore scale

At the pore scale, we assume a rigid solid matrix, such that its domain is not
explicitly taken into account. The pore walls form a fixed boundary I'y, for the void
space, denoted as domain Q C R¢ of dimension d € {2, 3}, which is available for the
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Figure 1.2.: Water-flooding experiment in a porous sandstone sample. Top row:
Two-dimensional slices of dynamic u-CT images at several times. Bot-
tom row: Three-dimensional rendering of dynamic u-CT images at
several times. The black phase in the slices and the red phase in the
rendering is oil. Images kindly provided by Arjen Mascini, Department
of Geology, University of Ghent, Belgium.

Figure 1.3: General porous domain filled by two fluid
phases (white and light blue). When the
fluid-fluid interface I' (dark blue) is in con-
tact with the solid wall Iy, (black), there is
a contact line between all three phases.

flow of the fluid phases, see Fig. 1.3. Each fluid phase « occupies a sub-domain 2,
of the domain €, such that the separate sub-domains add up to the whole domain

Q=J%, QunQz=0 for a#p.

Due to the flow, the spatial distribution of the fluid phases in the pore space can
change, so that the respective sub-domains Q, = Q,(¢) depend on time ¢ > 0.
The mathematical model consists of conservation laws for mass and momentum,
valid in these time-dependent domains. Furthermore, the evolution of the fluid-
fluid interfaces I' depends on the flow and on the surface tension between the
fluids. When an interface is in contact with the solid wall I'y,, a contact point (in
two dimensions) or contact line (in three dimensions) separates all three phases.
Its motion must be taken into account, which also requires a model for the contact
angle formed between the fluid-fluid interface and the pore wall.
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In the subsequent subsections, the complete model is described in detail. In
Chapter 2, we use this model to derive an upscaled model of two-phase flow, which
is furthermore validated in Chapter 3 by comparison to experiments.

1.2.1. Flow of the fluid phases

The fluid phases are assumed to be incompressible Newtonian fluids. Then, the
balance laws for the mass and the momentum, which model the flow of the phase
«, are given by the (dimensional) Navier-Stokes equations

pa(atua+(ua ~V)ua) = — VDo + tta Aty + pag in Q4 (1), (1.1)
Vot =0 in Q. (t), (1.2)

where u,(t, ) and p,(t, ) are the velocity and pressure of the fluid phase «. The
parameters p, and pu, denote the density and the dynamic viscosity of the fluid,
while g is the gravitational acceleration. Note that, besides gravity, further external
forces can be considered in (1.1), but are not relevant in this work.

The evolution of the interface I'(¢) separating the sub-domains of the two fluid
phases is not known a-priori, but its location and shape depend on the veloci-
ties of the fluids and on the surface tension between the fluids. Therefore, the
interface appears as a free boundary in the mathematical model. Assuming no
phase-transition effects, the mass conservation implies that the velocities of the
fluids at this interface and the velocity vr of the interface coincide,

ur = ung = vr on F(t) (1.3)

Because of friction, the continuity of the tangential stress also holds. However, the
surface tension between the fluids, which is caused by the curved interface, leads
to a jump in the normal stress [308]

—(p[ —p]])’nr‘ + Q(MI D(’U,I) — Ui D(’U,H))TLF = oORNr on F(t) (1.4)

Here, D(u) = 3(Vu + (Vu)7) is the symmetric strain, o denotes the constant in-
terfacial tension between the two fluids, and xk = V - nr is the local mean curvature
of the interface with the normal vector nr.

1.2.2. Moving contact line

When the fluid-fluid interface is in contact with the solid wall, there is a contact
line between all three phases. At this contact line, a contact angle 6 is formed
between the solid wall and the fluid-fluid interface, see Fig. 1.4. Under equilibrium
conditions, this angle is given by the minimization of the total surface energy. This
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ucL

0

Figure 1.4.: The contact angle 6 at the contact line formed between the fluid-fluid
interface and the pore wall (left) has a dynamic and hysteretic de-
pendence on the contact-line velocity uc, (right). The advancing and
receding contact angles are denoted 6, and 6,.

yields the well-known Young’s relation for the static contact angle 6,

01 —on
cosf; = ,
g

where o1 and op denote the surface tension coefficients between the solid and the
two fluids, respectively, while ¢ is the surface tension coefficient between the two
fluids. For 6, < 7, the fluid phase I is called the wetting phase, while the phase II
is the non-wetting one, and vice versa for 0 > 7.

Experiments performed under dynamic conditions for drops [78,188,203,301]
and for capillary tubes [108, 168, 189] show that the contact angle also has a dy-
namic behavior. This is expressed as an apparent contact angle 6, and has a major
influence on the overall flow dynamics [42]. Observations made for an increasing
contact-line velocity uc_ have revealed that advancing contact angles are increas-
ing, while receding ones are decreasing [41,97]. Therefore, the 0-uc_ relation is
assumed to be essentially monotonic, as illustrated in Fig. 1.4.

There are mainly two theories to describe this phenomenon: the hydrodynamic
theory and the molecular kinetic theory, for detailed reviews see [42,46,265]. The
hydrodynamic theory emphasizes on dissipation due to viscous flow within the
wedge of liquid near the moving contact line. This region is analyzed based on
asymptotic expansions [83,87,97,170,321]. For two-phase flow, this yields the
well-known Cox law for the dynamic contact angle

C
9(6) = 9(0.) + —Fuct,

where i denotes the viscosity, the constant C' depends on the specific slip model,
and g is an analytically derived function, which can be approximated by g(0) ~ 63
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for small angles [83]. The other approach is the molecular kinetic theory, in which
the dissipation is described based on a dynamic friction associated with the moving
contact line. This yields the relation

ucL = C1 sinh (C’go(cos 0, — cos 9))

with the constants C; and Cs depending on molecular properties [41,43,79]. As-
suming small variations in the contact angles, after linearization one obtains

UcL = %(cos 05 — cos ) + O((cos s — cos0)?),

where £ denotes the coefficient of wetting-line friction [42].

The contact angle is strongly affected by the surface wettability and roughness.
In [42,265], the resulting effects are made responsible for the contact angle hys-
teresis. This means that the static contact angle can actually lie in a whole range
0. <0, <48, where 6§, and 6, denote the advancing and receding contact angles,
respectively. The static contact angle must then be understood as an element of
the maximal monotone graph

{97} for uc. <0,
0s € [er, (ga] for uc, =0,
{6.} for ucL > 0.

Furthermore, the movement of the contact line requires a careful choice of the
flow boundary conditions in its neighborhood. Traditionally, the no-slip condition
u = 0 on I'y, is used under the assumption that the fluid adheres to the solid
wall. However, the no-slip condition leads to a singularity in the pressure and in
the shear stress at the contact line [97,98, 172], which therefore would stay at
a fixed position. To overcome this issue, several alternative boundary conditions
have been proposed, to be used in particular in regions close to the contact line, see
[46,269,298] and the references therein. In this work, we consider impermeable
pore walls such that there is no fluid flow in normal direction, together with the
Navier-slip condition

U Ny =0, ty - (u+22D(u)ny) =0 on I'y,. (1.5)

Here, A denotes the slip length and n., t,, are the normal and tangential unit
vectors at the solid wall T'y,. This condition has been proposed originally by Huh
and Scriven [172] to resolve the contact-line problem, and has been frequently
used since then [87,148,167,171,270,288]. Note that in (1.5), the location of
the contact point or line does not appear explicitly. Often, the Navier-slip condition
is only applied close to the contact line. In this case, a variable slip length \(x)
is adopted, decaying rapidly to zero away from the contact line, see e.g. [26, 83,
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142, 148]. This can be justified by molecular dynamics simulations which show
that the no-slip boundary condition is only violated in a small region (up to some
nanometers) around the contact line [192,193,194,305,306]. Additionally, surface
wettability and roughness strongly affect the slippage behavior, see e.g. [28,131,
185, 226] for a mathematical analysis.

1.3. Modeling of two-phase flow at the Darcy scale

At the Darcy-scale, the mathematical modeling of two-phase flow in porous me-
dia is based on quantities defined by averaging over a representative elementary
volume. In particular, these quantities involve the saturation S, and the pressure
po Of the wetting and non-wetting phases a € {w,n}. The saturation S, € [0,1] is
defined as the fraction of the pore space occupied by the phase «a. Since the two
phases fill the entire pore space, there holds

S11)+5n =1 (16)

Furthermore, let ¢ € (0,1) denote the porosity of the medium, defined as the
fraction of the pore space in the total volume. Then, the mass balance equation
for an incompressible phase « in a rigid porous medium reads

¢at5a+v'uaZQQ7 (17)

where u,, is the fluid velocity and ¢, is the source rate of the phase a.

Based on column experiments for fully-saturated single-phase flow in a porous
medium, Darcy [86] observed a proportionality between the velocity and the pres-
sure gradient u = —u 'K Vp. Here, i is the dynamic viscosity of the fluid, and K
denotes the intrinsic permeability of the porous medium, which depends only on
the porous medium, but not on the fluid. This characteristic property of the porous
medium is a second rank tensor for general anisotropic media. Based on further
experiments, see e.g. [238,271,318], the theory was extended to unsaturated
single-phase flow and two-phase flow in porous media. Then, the fluid velocity u,
is related to the phase pressure p, by the extended Darcy law

Uy = f/\a(Sa)K(Vpa — pag), (1.8)

which involves the gravitational acceleration g, as well as the density p, and the
relative mobility )\, of the phase «. The relative mobility A\, is a scaling factor
that depends on the dynamic viscosity u,, of the fluid and includes the additional
reduction of flow due to the interactions of both fluids at the pore scale. For a
detailed introduction to Darcy-scale modeling, we refer to [31, 156, 245].
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1.3.1. Non-equilibrium capillary pressure

To close the system of equations, a constitutive equation relating the pressures
pw and p,, is necessary. Typically, one assumes that the phase-pressure difference
Pn — Dw IS @ decreasing function of the wetting saturation. This difference is called
equilibrium capillary pressure p.(S,) and can be obtained by experiments under
quasi-equilibrium conditions. Commonly used models are those proposed by van
Genuchten [318] and by Brooks and Corey [59]. Such nonlinear, but monotonic
equilibrium capillary pressure functions have been used for decades. However, it
was already shown in [238] that the capillary pressure also depends on the process
— imbibition or drainage. Besides this hysteresis, further dynamic effects were
reported in many experiments [50,91, 137,290, 332, 333], leading to a variety
of non-monotonic curves which cannot be reduced to a simple capillary pressure
function depending on saturation only.

To overcome the mismatch between the experimental results and the mathemat-
ical models, several extensions of the capillary pressure - saturation relation have
been proposed. Typically, dynamic effects and hysteresis are directly expressed
in terms of spatial or temporal derivatives of the saturation leading to different
capillary pressure models, e.g. [32,33, 34,154, 250], for an overview see [284].
Alternatively, the interfacial area was introduced as an additional state variable
leading to a capillary pressure function depending on saturation and interfacial
area, so that the dynamic and hysteretic effects are implicitly modeled via the
change in interfacial area [154, 155,243, 255]. Other hysteresis models are based
on the concept of percolating/non-percolating phases [162,163, 164].

In Chapter 4, we consider the play-type hysteresis model proposed in [32,154],

Pn — Pw € pc(Sw) - ’YSign(atSw) - T(Sw)atswv (1.9)

where v > 0 and the non-negative function 7 model the effects due to hysteresis
and dynamic capillarity, respectively. This type of model is able to reproduce non-
monotonic phenomena such as saturation overshoots and fingering as shown by a
traveling wave approach for dynamic capillarity in [296,312,315] and additionally
including hysteresis in [166,235,237,313], by qualitative analysis of an equivalent
free boundary problem [282], and by numerical simulations for a percolation model
in [95, 165], for Richards’ equation in [201,333] and for two-phase flow in [191,
275,277].

For uniformly positive 7, the multi-valued equation (1.9) can be solved for 9;S,,,
as donein [72,191,283]. This yields a single-valued function ¥, such that one can
rewrite the capillary pressure relation in the inverted formulation

OrSw = \I’(Suupn - pw)- (1.10)

This has the major advantage that it imposes explicit values for the time derivative
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of the saturation, and avoids a multi-valued relation like (1.9). Moreover, it is pos-
sible to only include hysteresis and no dynamic effects. Then, one can regularize ¥
by replacing its vertical elements through steeply increasing ones, which is similar
to including a small dynamic effect, namely taking 7 = ¢ > 0.

1.3.2. Fractional flow formulation

Often, a reformulation of the two-phase flow equations is used. Summation of the
mass balance equation (1.7) for both phases using (1.6) yields for the total velocity
U= Uy + Up

V-u=y, (1.11)

where ¢ = ¢, + ¢, is the total source rate. Note that this implies that the total
velocity u is divergence free when the total source rate ¢ vanishes. Combination of
(1.8) for the two phases using an equilibrium capillary pressure model p,, — p,, =
pe(Syw) yields

Uy = fw(Sw)u + /{(Sw)K( vpc(sw) + (pw - pn)g)7 (112)
where
Aw . AwAn
L S WL L Wi W

are the so-called fractional flow coefficients. Knowing the total velocity u by solving
(1.11), one can then solve for S,, using (1.12) in (1.7), which reads

$04 Sy + V- (fw(sw)u + ’i(Sw)K(vpc(Sw) + (pw - pn)g)) = Qqu- (1.13)

Note that this equation is a possibly degenerate, nonlinear advection-diffusion
equation of parabolic type due to p.(S,) < 0. This formulation is used for the
numerical simulations in Section 6.6.

1.4. Upscaling and multi-scale methods

The computational representation of the complex geometry and the interactions of
the fluids at the pore scale is only possible for relatively small domains, while the
standard models at the Darcy scale require balance laws and constitutive equations
based on pore-scale information. To bridge this gap, one can employ upscaling and
asymptotic expansion methods to derive effective equations valid at larger scale
based on detailed small-scale models. Additionally, one can obtain estimates of the
errors that are introduced by the respective upscaling technique.

There exists a large variety of upscaling techniques like homogenization, volume
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averaging, transversal averaging, etc., see [84] for an overview. Volume averaging
methods are used to derive the balance equations for quantities at the Darcy scale,
while the form of the constitutive equations can be restricted using the second law
of thermodynamics. This technique was successfully applied to single-phase and
two-phase flow in porous media in [153,154,155,261,323]. However, additional
assumptions are necessary to obtain explicit expressions for the effective parame-
ters in the constitutive equations via closure problems.

As an alternative, the homogenization technique uses an asymptotic expansion
approach for systems which feature a clear scale separation. After non-dimension-
alization, this scale separation leads to a small parameter ¢ <« 1 in the problem
formulation (e.g. the ratio of a typical pore diameter to a Darcy-scale length). The
idea of homogenization is to approximate the solution by the limit problem and its
solution as € — 0. This solution typically depends on the regime, i.e., the scaling
of the dimensionless numbers with respect to . An introduction to this method is
presented in [169] and the references therein. Rigorous results are often obtained
using the concept of two-scale convergence [17,241] or compactness arguments,
see also [169, Appendix A by G. Allaire] and the references therein. Similarly,
matched asymptotic expansions are used when the expansion is singular, e.g. at
a boundary or interface. Then, a rescaling in this region allows to resolve the
singularity. Finally, to obtain a solution on the whole domain, the solutions of the
differently scaled regions must match in an intermediate scaling. For a detailed
introduction to matched asymptotic expansion method we refer to [317]. We use
this method in Chapter 2 to combine the bulk flow of single phases with the fluid-
fluid interface region connecting them.

Homogenization is typically applied to periodic systems and leads then to so-
called cell problems defining the effective properties. Note that the local periodicity
assumption is similar to the closure condition for volume averaging. This assump-
tion can be further weakened in stochastic homogenization using ergodicity. For
single-phase flow in porous media, many results have been obtained. Darcy’s law
was derived in [13,15,228,276,302] based on the Stokes equations or the Navier-
Stokes equations in perforated domains. In [14, 16], it was shown that the size of
the solid inclusions determines whether the homogenized system obeys Darcy’s
law, the Brinkmann law, or even again the (Navier-)Stokes equations with effec-
tive parameters. While inertial effects are negligible in the aforementioned results,
a non-local filtration law arises when inertial effects are significant [227,229].

For two-phase flow, these results were extended under restrictive assumptions.
An extended Darcy law was derived in [24, 25] based on quasi-static assump-
tions for the fluid-fluid interface, combined with Biot-type elasticity in case of a
deformable porous medium. Homogenization of the Stokes equation in a domain
with free surface yields in [279] a Darcy-type equation for unsaturated flow. The
Buckley-Leverett equation was recovered in [233] starting from a thin domain
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with two phases, when surface tension is negligible. Thin strip and thin tube models
were used in [231,252,287] to derive variants of the extended Darcy law combined
with capillary pressure relations depending on the underlying fluid distribution.

These thin-domain models use a simplified geometry, namely a single pore, as
a representative for the porous medium. This has the advantage that the upscal-
ing yields explicit, closed-form expressions for the upscaled quantities, while the
resulting Darcy-scale models still possess the same structure as well-recognized
Darcy-scale models in general porous media, see e.g. [231,233,252,287]. In these
references, the fluid domains are assumed to be layered, so that the fluid-fluid in-
terface does not come into contact with the solid wall. On the contrary, we consider
a transversal interface that is in contact with the pore walls in Chapter 2. In partic-
ular, we incorporate a slowly varying pore wall and a dynamic or even hysteretic
contact-angle model. Using a matched asymptotic expansion approach, we obtain
an upscaled model that provides insight into sources of non-equilibrium behavior.

Further dynamic effects and trapping of phases occur due to heterogeneities
of the porous medium. Effective interface conditions are analyzed in [39,67,310,
311, 314], applied numerically in [157,158], and upscaled equations are derived
in [52,132,159,230,281,316]. Finally, note that the averaging and resulting defini-
tion of Darcy-scale quantities must be done carefully, since systematic dependen-
cies of the intrinsic averages on heterogeneities, such as fluid fronts, within the
representative elementary volume affect the resulting equations. In [246, 247],
this is shown to lead to inconsistencies with classical literature. However, these is-
sues disappear when considering an appropriate averaging that takes such effects
into account by incorporating the mass-center of the phases.

1.5. Numerical methods

The mathematical models of two-phase flow in porous media consist of coupled,
nonlinear partial differential equations. As analytical (closed-form) solutions do
only exist for few, very restricted applications (typically in one spatial dimension),
numerical methods are necessary to solve the equations. First, we discuss appro-
priate temporal and spatial discretization methods in Sections 1.5.1 and 1.5.2. Fur-
thermore, the nonlinearities must be resolved. To this end, linearization schemes
are introduced in Section 1.5.3. Finally, we discuss domain decomposition methods
in Section 1.5.4 as a tool to decouple essentially different regions or to improve
the performance due to parallelization and better conditioned, smaller system of
discrete equations.
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Figure 1.5: Venn-diagram of the main
categories within the class
of general linear methods
including the methods used
in this thesis.

Multi-derivative
methods

1.5.1. Temporal discretization

We consider time-dependent problems in a Banach space W of the form

W= ftw, 1T, u(0)=ueW, (1.14)
where T' > 0 is the final time, f : [0,7] x W — W is a Lipschitz-continuous function
and ug a given initial condition. The theorem of Picard-Lindel6f guarantees that
(1.14) has a unique solution u € C([0,7];W). Note that problems with higher
order time derivatives can be rewritten in the form (1.14) by expansion into a
system of ordinary differential equations using additional variables, e.g. by

d?u du d fu !
5 =9 (t,u, 5) = dt <v> o (g(t,u,’u)) .

Furthermore, time-dependent partial differential equations lead to problem (1.14)
after spatial discretization. Parabolic partial differential equations can also be un-
derstood in the sense of (1.14) when f denotes the application of the spatial op-
erator. We omit the further details here.

To solve the problem (1.14) numerically, the time interval [0,7] is discretized
into K € N time steps. For simplicity, we choose an equidistant mesh, such that
At = T/K is the uniform time-step size. At the time points t* := kAt, the solu-
tion is approximated by u* ~ u(t*). For this, there exist many methods, of which
most belong to the class of general linear methods. These methods can be further
categorized into three main sub-classes: those using multiple previous time-steps,
multiple interior stages (intermediate solutions), or multiple derivatives for the ap-
proximation, see Fig. 1.5. All these methods are additionally classified as explicit
or implicit methods by their dependence on the solution at the current time-step.
For a general introduction to the topic, we refer to [61, 146, 147]. Here, we fo-
cus on the methods used in this work. In particular, we mainly consider low-order
methods for simplicity, and due to the low regularity of the solutions to the stud-
ied problems. Nevertheless, high-order methods would be beneficial outside the
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low-regularity regions.

First, we discuss the #-scheme, which is a single-step method of Runge-Kutta-
type with two stages. It results from the approximation of the time derivative by a
simple finite difference and weighting the righthand sides of the previous and the
current time-step. Given 6 € [0, 1], its application to (1.14) reads

uF — k-1

N - (1= 0)f(t* 1 uP=h) + 0 f (%, uk) (1.15)

for 1 < k < K. For 8 = 0, this method is explicit and equals the forward Euler
method, while for 8 > 0 this method is implicit. It coincides with the trapezoidal or
Crank-Nicolson method for 6 = %, and with the backward Euler method for 6§ = 1.
The #-scheme with 6 < % is only conditionally stable requiring LAt < 2/(1 — 26),
where L; denotes the Lipschitz constant of f [27,146]. However, the method is
A-stable for 8 > % Furthermore, the #-scheme is first-order convergent, and for
0= % even second-order convergent. In Chapter 4, we use this method as temporal
discretization for the non-equilibrium two-phase flow model. In Chapter 6, the
explicit Euler method is applied to nonlinear advection-diffusion equations.

A closely related method is the Heun method. Instead of using the implicit trape-
zoidal rule, the righthand side at time t* is approximated explicitly by the forward
Euler method. This leads to an explicit, second-order convergent, conditionally sta-
ble Runge-Kutta method with two stages, which is given by

ﬂk o ukfl

At

uk — k1

At

= —(fEF WY + (R aR)), = f(t* 1 uF ) (1.16)

N —

for 1 < k < K. This method is used in Chapter 2 for the implementation of the
explicit solver for the pore-scale model with hysteretic contact angle in [215] to
avoid numerical issues of implicit methods for hysteresis.

Backward differentiation formulas (BDF) are linear multi-step methods based on
the Lagrange interpolation at the points t*~? to t*, for some p € N. Furthermore,
the derivative of this interpolation polynomial in the point ¢* is used as approxi-
mation for the left-hand side of (1.14). In fact, this is equivalent to the use of the
p — th order backward difference approximation of the time derivative, leading to

P
> bt = Af (R, ub), (1.17)
s=0
with some coefficients ay,...,a, € R which can be computed from the Lagrange

interpolation. For p < 6, this implicit method is zero-stable and p-th-order conver-
gent [146,147]. An adaptive, variable-order (1-5) version of this method is used
in Chapter 2 for the implementation of the implicit solver for the pore-scale model
with dynamic contact angle in [215] and in Chapter 3 for the implementation of
the implicit solver for the extended model for capillary rise in [216] to obtain highly
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accurate results.

1.5.2. Spatial discretization

For space-dependent problems, a discretization is required as well. However, par-
tial differential equations only have weak solutions in general. Therefore, spatial
discretizations of problems are typically different to the temporal ones. The spatial
discretization is usually based on a triangulation or on a (Cartesian) mesh. On this
mesh, one defines the discrete solutions using an approximation of the differential
equation. To this end, four classical approaches exist: finite difference methods
directly approximate the derivatives, while finite element methods, finite volume
methods and discontinuous Galerkin methods are based on different approxima-
tions of the weak formulation.

For the finite difference method, one replaces the differential operators at the
mesh points by suitable finite differences, see [57,211,251,274] for applications
to two-phase flow in porous media. While this approach is very easy for structured
grids, the application to arbitrary, complicated geometries becomes challenging,
so that we do not consider the finite difference method in this work.

Finite element methods are based on the weak formulation of the equations.
The classical version, also known as continuous Galerkin method, uses a globally
continuous approximation of the solution based on local basis functions defined
on the triangulation, see e.g. [104, 274] for applications to miscible two-phase
flow in porous media, and [134, 135, 182, 244] for degenerate, immiscible two-
phase flow. This approach is used in Chapter 4 for non-equilibrium two-phase flow.
Mixed and hybrid finite elements ensure the local conservation of mass by explicit
discretization of the fluxes [55], and have been applied e.g. to Richards’ equation
[29], to two-phase flow in porous media [22,327] and to the latter also including
dynamic capillarity in [70].

This conservation requirement, together with the low regularity of the solutions,
points to the common discretization by the finite volume method [105]. It is based
on the integration of the balance equation over control volumes (mesh elements)
using the Gauss theorem. The approximation of the solution uses piece-wise con-
stant functions connected by numerical fluxes between the volumes. This also al-
lows the treatment of hyperbolic equations, as well as problems where the diffusive
second-order terms might vanish. For two-phase flow in porous media, this is used
e.g. for heterogeneous media with discontinuous capillary pressure [53,54,66,99]
and additionally including dynamic capillarity [157, 158] or hysteresis [249]. For
two-phase flow with dynamic capillarity, two- and multi-point flux approximations
are discussed in [51,71]. A nonlinear finite volume method for two-phase flow is
proposed in [3]. A posteriori error estimates for the finite volume method applied
to two-phase flow are derived in [69]. We use a cell-centered finite volume method
in Chapters 5 and 6 for degenerate, nonlinear advection-diffusion equations.
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A more general, locally conservative class of methods are discontinuous Galerkin
methods [23, 90, 94, 161, 273]. These combine properties of classical finite ele-
ments and of finite volume methods. In particular, the representation is based on
local basis functions on the mesh. However, these are not connected globally by
continuity as for classical finite elements. Instead, one uses the Gauss theorem
as in finite volume methods to approximate the interactions by numerical fluxes.
In the context of porous-media flow, discontinuous Galerkin methods are used for
Darcy flow [8,56], for two-phase flow [100,101], for heterogeneous media and dis-
continuous capillary pressure [102,107,183], and dynamic capillarity [186, 187].

1.5.3. Linearization

After discretization of the model equations, one obtains a large system of typically
nonlinear equations. The most common method to solve nonlinear equations is the
Newton method, also called Newton-Raphson method. For a continuously differen-
tiable function f : R? — R?, the method finds approximate solutions of f(z) = 0
by iteratively solving the tangent plane equation. For an initial guess =, € R?, the
iterates are given by

Tit] = X5 — (_f’(:vz))_lf(a:z), for ¢ > 0,

where f' : R — R%*? denotes the derivative (Jacobian) of f. The Newton method
is locally quadratic convergent if f is twice continuously differentiable around its
zero ., and f'(x.) is locally invertible [89]. We use this method in Chapter 6 for
the discrete transmission conditions.

For large systems of equations (d > 1), the Newton method has the disadvan-
tage of requiring the solution of a huge linear system (d x d) involving the com-
putation of the derivative. This may become very costly for discretizations using
fine meshes or higher order approximations. This issue can be circumvented by
using so-called quasi-Newton methods, which only approximate the derivative f’
or its inverse [89]. A further drawback of the Newton method is its local conver-
gence, which requires a good initial guess. For time dependent problems, one can
choose the solution at the previous time step. However, this does severely restrict
the time-step size which is required to ensure convergence [264]. In practice, the
bound may be milder, but one easily observes divergence. Furthermore, the New-
ton method does not work for degenerate cases, when the derivative f' becomes
(partially) zero or infinite and thus is not invertible. For such degenerate cases, the
Jager-Kacur method [175, 184] was proposed. It regularizes the Newton method
and achieves linear convergence.

Alternatively, the Picard method can be used. Its idea is to fix all coefficients at
the old iteration. In particular, for a function f(x) = A(x)x + b(x) with coefficients
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A :R? —» R¥? and b : R? — R?, the iteration with initial guess z( € R is given by
Tit] = T; — (A($Z))71f($l), for ¢ > 0.

Based on the Banach fixed-point theorem, the iteration is locally linearly conver-
gent if the function  — (A(x))~!b(x) is a contraction (i.e., has a Lipschitz constant
below one) close to the zero x, of f. Since most nonlinear problems do not satisfy
this contraction property, the applicability of this method is very limited. Instead,
in the context of two-phase flow in porous media, a modified Picard method was
introduced in [76]. There, the idea is to linearize the temporal discretization as in
the Newton method, whereas the nonlinearities in spatial coefficients are approx-
imated using the previous iteration as in the Picard method. Hence, this method
coincides with the Newton method when the spatial discretization is linear (due to
constant coefficients or for Kirchhoff transformed problems). In general, the mod-
ified Picard method is only locally, linearly convergent, but more robust than the
Newton method and the classical Picard method [76,210, 264].

To improve the robustness, another simple, modified fixed-point iteration, the L-
scheme, has been proposed [254,293]. This method uses the monotonicity of the
function f to replace the derivative in the Newton scheme by a constant, diagonal
matrix L. Its iterates are give by

Liy1 = T; — L_lf(:vi), for ¢ > 0.

Based on the monotonicity and fixed-point arguments, one can prove that this
method is globally linearly convergent for sufficiently large L if f is monotone and
Lipschitz-continuous. In particular, the convergence rate of the L-scheme is inde-
pendent of the spatial discretization, in contrast to the modified Picard method
and the Newton method. Furthermore, the L-scheme does not involve the compu-
tation of any derivatives. It has been used for various discretizations of two-phase
flow models, see e.g. [71,187,254,263,285,286]. Whereas the analysis is com-
monly accomplished assuming Lipschitz-continuous parameter functions, it was
extended in [48,262] to Richards’ and two-phase equations, involving only Hélder-
continuous coefficients, such as the often used van-Genuchten—-Mualem parame-
terization. We use the L-scheme in Chapter 4 for the derivation of linearized domain
decomposition methods for non-equilibrium two-phase flow models.

To improve the convergence rate of the L-scheme, one can adaptively choose L;,
as proposed for modified L-schemes [12,236]. Furthermore, the L-scheme and the
(modified) Picard method can be used with Anderson acceleration [49,174,211]
or as a preconditioner for the Newton method [210]. For completeness, we also
mention the application of the semi-smooth Newton method [196] in the context
of two-phase flow.
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1.5.4. Domain decomposition

The idea of decomposing a domain was first used in 1870 to solve elliptic partial
differential equations when the boundary is only piece-wise smooth [278]. About a
hundred years later, domain decomposition methods became subject to intensive
research as technique for numerical methods, see [93,259,294,307,324] and the
references therein. Commonly, one uses domain decomposition methods for paral-
lelization and to obtain better conditioned systems of equations — thereby reaching
reasonable performance in practice, see e.g. [82,181, 190]. These methods split
the domain appropriately into sub-domains and then solve the problem on the de-
coupled sub-domains iteratively. The convergence is achieved by imposing suitable
transmission conditions between the sub-domains for consecutive iterations.

A non-overlapping domain decomposition method with Robin transmission condi-
tions was introduced in [209] and analyzed in [212,239] for stationary advection-
diffusion problems. Independently, a variant of this method was proposed in [88],
which avoids the explicit use of normal derivatives in the Robin transmission con-
ditions. Henceforth, the optimization of the transmission conditions and of the
involved parameters was studied intensively, see the review [113] and the refer-
ences therein. These methods can be applied to problems with heterogeneous and
discontinuous coefficients, as typically found for flow in porous media. For sim-
ple settings, this was proposed in [37,65]. Richards’ equation and the two-phase
flow equations were considered in [285, 286], where the domain decomposition
is integrated in the linearization process after temporal discretization. In [5], this
approach is used for single-phase flow in a fractured medium to solve the mixed-
dimensional problem. We apply the combination of linearization and domain de-
composition to non-equilibrium two-phase flow in Chapter 4.

For time-dependent partial differential equations, Schwarz waveform-relaxation
methods were proposed. These are time-parallel time integration methods [115],
that combine waveform-relaxation techniques invented in [204] with spatial do-
main decomposition methods for the parallelization. Over the past three decades,
Schwarz waveform-relaxation were studied for various evolution problems. Start-
ing with [40,111,128,133] for linear parabolic problems with typical superlinear
convergence, the approach was adopted for hyperbolic problems [118,123], where
these algorithms typically reach zero residual in a finite number of steps. Opti-
mal and optimized transmission conditions were introduced based on [122]. Such
transmission conditions are crucial to reach an adequate performance, as demon-
strated e.g. for the linear advection-reaction-diffusion equation in [117,225]. By
the Fourier transform, asymptotic expressions for the optimal parameters in the
transmission conditions were derived in [35,36, 119] for linear equations.

For singularly-perturbed advection-diffusion equations, the question arises how
to impose the transmission conditions so that they are robust in the limit of van-
ishing diffusion. For this, adaptive Dirichlet-Neumann and Robin-Neumann algo-



1.6. OUTLINE OF THIS THESIS 19

rithms were proposed in [75], accounting for transport along characteristics. The
discretized, as well as damped versions were analyzed in [130] when using a mod-
ified quadrature rule to recover the hyperbolic limit. A non-overlapping Schwarz
method for the stabilized finite element discretization of singularly perturbed prob-
lems was discussed in [212], see also [120,121] for heterogeneous couplings.
However, the behavior of these domain decomposition methods in the limit of van-
ishing diffusion has not been addressed. Therefore, we study in Chapter 5 the limit
behavior of the Schwarz method with Robin transmission conditions, and show
under which conditions the continuous and discrete methods are consistent and
asymptotic-preserving.

In the case of nonlinear problems, only a few partial cases were studied. Su-
perlinear convergence was proved for classical overlapping Schwarz waveform-
relaxation for semi-linear reaction-diffusion equations in [112], and for advection-
dominated nonlinear conservation laws in [127]. A non-overlapping Schwarz wave-
form-relaxation for semi-linear wave propagation was analyzed in [149]. For non-
linear reactive transport, optimized transmission conditions were discussed in [144,
145]. Application of the Schwarz waveform-relaxation to Richards’ equation and
to two-phase flow in porous media was proposed in [4,6,7]. In Chapter 6, we ap-
ply a non-overlapping Schwarz waveform-relaxation to fully nonlinear advection-
diffusion equations and rigorously prove the convergence of the method.

1.6. Outline of this thesis

In this introductory chapter, an overview of the mathematical background of this
work has been given. The scientific methodology and results are detailed in the
following five chapters, as discussed below. These are separated in two parts. The
first one covers the modeling, averaging, and validation on the pore scale. In the
second part, we discuss the numerical simulation on the Darcy scale with respect
to domain decomposition methods and linearization. Finally, conclusions and an
outlook are given in Chapter 7.

PART I: Two-Phase Flow in Single Pores

In Chapter 2, we consider a model for the flow of two immiscible fluids in a single
pore of a porous medium. The geometry is idealized to a long, thin strip or tube
with slowly varying radius. The fluids are separated by a moving interface, which
is in contact with the pore wall. Its evolution is driven by the fluid flow and the
surface tension. The contact line model incorporates Navier-slip boundary condi-
tions and a dynamic and possibly hysteretic contact angle law. Assuming a scale
separation induced by a small aspect ratio of the typical radius to the length of
the pore, we apply matched asymptotic expansions to derive effective models for
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the two-phase flow in the limit as this ratio approaches zero. The resulting model
forms a system of differential algebraic equations for the interface position and
the flux. This model combines Darcy-type equations for the flow with a capillary
pressure - saturation relationship involving dynamic effects. Finally, we provide
several humerical examples to illustrate the effects of a varying wall width, of the
viscosity ratio and of the slip length, as well as of having a dynamic and hysteretic
contact-angle law.

In Chapter 3, we apply the previously derived, averaged model to the capillary
rise of a fluid in circular cylindrical tubes. Here, this model extends the classical
Lucas—Washburn model by incorporating a dynamic contact angle and slippage.
We extend the model further to account for inertial effects, which can be relevant
at early times. To validate the different models, their solutions are compared to
experimental data. In contrast to the Lucas-Washburn model, the numerical results
of the models with dynamic contact angle match the experimental data well, both
the rise height and the contact angle, even at early times. The models have a
free parameter through the dynamic contact-angle law, which is fitted using the
experimental data. The findings here suggest that this parameter depends only on
the fluid properties, but is independent of geometrical features, such as the tube
radius.

PART II: Numerical Methods at the Darcy Scale

In Chapter 4, we discuss two linearization and domain decomposition methods for
mathematical models of two-phase flow in porous media at the Darcy scale. The
medium consists of two adjacent regions with possibly different parametrizations.
The model accounts for non-equilibrium effects like dynamic capillarity and hys-
teresis. For the temporal discretization of the equations, the #-scheme is adopted
leading to nonlinear time-discrete equations. For these, we propose two iterative
schemes, which combine the L-scheme and a non-overlapping domain decompo-
sition method into one iteration. We prove the existence of unique solutions to
the iterative problems and give the rigorous convergence proof for both iterative
schemes towards the solution of the time-discrete equations. The convergence
holds independently of the initial guess, and under mild constraints on the time
step. The developed schemes are independent of the spatial discretization or the
mesh, and avoid the use of derivatives as in Newton based iterations. Finally, the
presented numerical examples confirm the theoretical results and demonstrate
the robustness of the schemes. In particular, the second scheme is well suited for
models incorporating hysteresis.

In Chapter 5, we consider domain decomposition methods applied to singu-
larly perturbed advection-diffusion problems. These methods can have poor perfor-
mance for degenerate problems, when classical transmission conditions are used.
We discuss here the linear stationary advection-diffusion equation in one dimension
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as a prototypical application for non-overlapping domain decomposition methods
with Robin transmission conditions. We first show that the continuous algorithm
is asymptotic-preserving only if the transmission parameter in the Robin transmis-
sion condition tends to the advection speed when the diffusion tends to zero. We
then discretize the problem with a cell-centered finite volume method with upwind
fluxes and study the effect of different choices for the discretized Robin transmis-
sion conditions. We show that the discrete algorithm can inherit the properties of
the continuous one, but one can do even better: with a proper, but asymmetric
choice of centered and upwind discretizations in the Robin transmission conditions,
one can obtain an asymptotic-preserving discrete algorithm without constraint on
the parameter in the Robin transmission condition. We illustrate our results with
numerical experiments in one and two spatial dimensions.

In Chapter 6, we propose a non-overlapping domain decomposition method
of Schwarz waveform-relaxation type for nonlinear advection-diffusion equations.
This method relies on nonlinear Robin transmission conditions between the sub-
domains that ensure the continuity of the converged solution and of its normal
flux across the interface. We prove the existence of unique iterative solutions and
the convergence of the method. We then present a numerical discretization for
solving the iterative problems using a forward Euler discretization in time and a
cell-centered finite volume method in space, including a local Newton iteration for
solving the nonlinear transmission conditions. Using the results of the previous
chapter, the discrete algorithm is asymptotic-preserving, i.e., robust in the vanish-
ing diffusion limit. Finally, we present numerical results that confirm the theoretical
findings, in particular the convergence of the algorithm. Moreover, we show that
this method can be successfully applied to two-phase flow problems in porous me-
dia as paradigms for evolution equations with strongly nonlinear advective and
diffusive fluxes.
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|Chapter 2

Averaged models for immiscible
two-phase flow with surface tension
and dynamic contact angle

This chapter is based on the following publication [217]:

¢ S. B. Lunowa, C. Bringedal, I. S. Pop, On an averaged model for immiscible
two-phase flow with surface tension and dynamic contact angle in a thin strip,
Studies in Applied Mathematics 147 (2021), pp. 84-126.
doi.org/10.1111/sapm.12376
Copyright © 2021, Wiley Periodicals LLC.

Here, Section 2.5, discussing the three-dimensional case, was added and Sec-
tion 2.6 was adapted to take the two- and three-dimensional case into account.
The numerical examples were obtained using the following software [215]:

e S. B. Lunowa, Solver for the asymptotic model of immiscible two-phase flow
with moving contact line in a thin strip, GitHub repository (2020).
github.com/s-lunowa/AsymptoticThinStripMCLSolver

2.1. Introduction

At the Darcy scale, the two-phase flow is modeled by averaged quantities and
relations between them, expressed with the help of effective parameters. The re-
lations should combine all pore-scale effects, which occur due to the complicated
pore structure and the exact distribution of the fluids. However, in many state-of-
the-art models these parameters are postulated and not derived from a pore-scale
model. In particular, we discussed in Section 1.3.1 the necessity to include dy-
namic effects and hysteresis in the capillary pressure model to be able to describe
experimental observations. However, all the extended models discussed here only
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consider the Darcy-scale quantities. It is crucial to understand the dependence
of the effective parameters on the underlying pore structure. At the pore scale,
the mathematical model can incorporate the detailed physical processes, but it is
posed in the entire pore space, which is extremely complex, and needs to account
for all interfaces between phases. Resolving the whole complicated pore space
of realistic scenarios in direct numerical simulations is infeasible, so that further
simplifications are necessary to link the properties of the different scales.

To approach this task, there exists a large variety of analytical upscaling tech-
nigues, see Section 1.4 and the references therein. The volume averaging method
does only provide explicit expressions for the effective parameters in the consti-
tutive equations via closure problems, when additional assumptions are made. Al-
ternatively, the homogenization method is a (matched) asymptotic expansion ap-
proach for systems with clear scale separation. Many results for flow in porous
media were obtained by homogenization, see e.g. [13,16,24,228,231,233,287],
leading either to explicit expressions or to so-called cell problems for the effec-
tive parameters. In both cases, knowledge of the underlying pore structure allows
for the explicit computation of the effective parameters. Therefore, we apply the
homogenization method to explicitly derive effective relations.

Here we consider a simplified geometry, namely the flow through a single, long
and thin pore as a representative for the porous medium. Despite the very sim-
plistic representation, the upscaling of thin-strip and thin-tube models typically
leads to Darcy-scale models with the same structure as well-recognized Darcy-
scale models in general porous media, see e.g. [231,233,252,287]. Additionally,
using a single pore allows for the explicit derivation of closed-form expressions for
the upscaled quantities. We assume that the pore is filled by two incompressible
and immiscible fluid phases. The interface separating the two fluids is traversal to
the flow direction. The mathematical model consists of conservation laws for mass
and momentum in time-dependent domains representing the fluids. Assuming a
horizontal setting, we disregard gravity effects. The evolution of the interface sep-
arating the domains is not known a-priori, but depends on the velocities of the
fluids and on the surface tension between the fluids. Hence, the development of
the boundary of the domains must be accounted for, and we have a free boundary
problem.

While the fluid domains are assumed to be layered in [231,233,252,287], such
that the fluid-fluid interface does not come into contact with the solid wall, we
here consider the case when the interface is in contact with the pore walls. This
requires a contact-angle model, which is allowed to be dynamic or even hysteretic.
In particular, this also implies that each fluid is only present either at the inlet or at
the outlet. Note that the plug flow scenario considered in [252] has a similar fluid
distribution, but the authors assume a fixed interface shape and a residual thin-film,
which yields dynamics that are very different from those generated by a variable
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interface with moving contact line. Furthermore, we allow for a slowly varying solid
wall instead of a constant-width strip or tube used in [231,233,252,287].

Based on the discussed pore-scale model, we derive upscaled (Darcy-scale) mod-
els for two-phase or unsaturated single-phase flow in a porous medium under rea-
sonable assumptions on the underlying physics. We follow the ideas in [231, 233,
287], where asymptotic expansions and transversal averaging is applied to obtain
a macro-scale model based on the simple, layered pore. We complement this with
volume averages to account for the different geometry and fluid distribution. A sim-
ilar strategy has been used to show that the upscaled models significantly differ
for different flow regimes assuming stationary fluid-fluid interface shapes in [252],
and in [287] when assuming a layered, parallel flow regime. In general, the thin-
strip or thin-tube approach allows the derivation of explicit relations between the
averaged quantities, while various additional features and processes can be easily
incorporated, see e.g. [58,197,287,319].

This chapter is organized as follows. In Section 2.2 we formulate the mathemat-
ical model for two-phase flow with evolving interface in a thin strip, which is then
rescaled to obtain a non-dimensional formulation. Next, we formally derive in Sec-
tion 2.4 the effective models in the bulk domains and close to the interface when
the ratio between the width and length of the thin strip approaches zero. These
models form a system of differential algebraic equations for the interface position
and the total flux. In Section 2.5, these results are extended to thin, cylindrical
tubes including gravity. Based on the derived models, we discuss averaged and
effective quantities and their relations in Section 2.6. In particular, there holds a
Darcy-type equation for the flow and a capillary pressure - saturation relationship
involving dynamic effects. Finally, Section 2.7 provides some numerical examples
showing the behavior of the effective models for a constant as well as a varying wall
width. The effect of the viscosity ratio, of the slip length and of having a dynamic
contact-angle law are discussed in detail.

2.2. Mathematical model of two-phase flow in pores

We consider a two-dimensional thin strip of length L > 0, which is axisymmetric
at Tgym := [0, L] x {0}. Let 1 : [0, L] — (0, 00) be a given smooth function (which is
bounded away from zero), that describes the wall ['y, := {z € (0,L) x (0,00) | T2 =
w(Z1)}. Here and in the following, the subscripts -; and -2 denote the components
of a vector. Then the domain of interest is  := {& € (0, L) x (0,00) | &5 < w(d&1)}.
At each time # € [0,00), the domain is partitioned into two sub-domains (%)
and Qn(f), which represent the parts occupied by the two fluids; one at the inlet
boundary Iy, := {0} x [0,%(0)] and the other at the outflow boundary -
{L} x [0,w(L)]. For an illustration of the geometry, see Fig. 2.1.

We consider the particular case when the two fluids are separated by an axisym-
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Figure 2.1.: Sketch of the half thin strip €2 filled by two fluids with interface f(f) at
time £.

metric fluid-fluid interface I'(£) := 8 (#) N (£), which is in contact with the solid
wall T'y,. This interface has an a-priori unknown location and shape, and there-
fore appears as a free boundary in the mathematical model. It is parametrized by
4 : [0,00) x [0,1] = ©, such that I'(f) = {%({,s) | s € [0,1]}. The parametrization
starts at the symmetry boundary and ends at the wall, i.e.,

'3/2(&0) =0, '3/2(£’1) :@(’?l(ﬂl)) (2.1)

The point &*(f) := 4({, 1) is the so-called contact point.

At all boundaries of Q, the outward normal and tangential unit vectors are de-
noted n and t with an index specifying the part of the boundary, e.g. ngy,, for
the normal vector at the symmetry boundary fsym. At the fluid-fluid interface f(f),
the normal unit vector pointing from ;(#) into Qg (f) is denoted by nr, while the
tangential unit vector is tr. Therefore, these vectors are given by

e = 3 = \/<am>21+<asa2>2a‘"?’ nr = g = \/<asa1>21+<asaz>2 (*85351)’
e = =7t (00): m = Zmer ().

toym = (), Neym = (%),

tin = (%), nin = ('),

tous = (9), Nout = (§)-

In each sub-domain Qa(f), a € {I,1II}, we assume that the flow is modeled by the
incompressible Navier-Stokes equations, which are written in dimensional form

pa(Optte + (e - V)ita) + Vo = palitg in Qa(f), (2.2)
V-iig =0 in Q.(1), (2.3)
where a1, (t,&) and p,(f,2) are the velocity and pressure of fluid a. The param-

eters p, and p, denote the density and the dynamic viscosity of the fluid, see
Table 2.1 for an overview of all parameters and quantities. The symmetry condi-
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Parameter Symbol Dim.-less number  Symbol Value
I i D L

Length of the thin strip L ;Z?']seitratrl:tio E w(O/)/
Characteristic velocity U . y - e

. . Viscosity ratio M pr/ pa
Density of fluid phase « Pa

. . . Reynolds number Re ptUL/ g
Viscosity of fluid phase « Lo .
. L Capillary number Ca wlU/o
Surface tension coefficient o . —
Gravitational acceleration Eff. capillary number  Ca Ca/e
J Eff. gravity number G 2pigl?/(uU)

Quantity Dim. Dim.-less [scaling] Inner expansion [scaling]
Position T x [L, eL] X [eL, eL]
Time t t [L/U] t [L/U]
Velocity of fluid phase o w, uq [U] U, [U]
Pressure of fluid phase o po,  pa [U/(¢2L)] P, [uU/(e2L)]
Interface parametrization ~ ~ [L, eL] Y [eL, eL]
Interface curvature I3 K [1/L] K [1/eL]
Slip length A A [eL] A [eL]
Wall function (width) w w [eL] w [eL]
Contact angle 0 0 [1] 0 [1]

Table 2.1.: Summary of parameters (top left), dimensionless numbers (top right),
dimensional and dimensionless quantities and their scaling (bottom).
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tions at Taym. o (f) := Ceym N 0N (1) are

ﬂa *Ngym = 07 tsym ' (@'&unsym) = 07 @ﬁa *Ngym = 0 on fsyrrl,a(f)a (24)

nr - Mgy, =0 at s =0. (2.5)

The walls Ty, o(f) := I'y, N 8, (%) in contact with fluid o € {I,II} are assumed
impermeable. As discussed in Section 1.2.2, we impose a Navier-slip condition to
allow for the movement of the contact point. These conditions read

tw - (Ga + 23D (ita)ny) = 0 Uo Ty =0 on Iy o (), (2.6)
where D(@) := (Vi 4+ (V@)T)/2 denotes the symmetric strain and A\ is the slip
length. Often, the Navier-slip condition is only applied close to the contact point.
In this case, a variable slip length X(t: Z1) is adopted, decaying rapidly to zero away
from the contact point &*(f), see e.g. [26,83,142,148].

Remark 2.1. To be general, we will consider two cases here: a constant slip length
A on the whole wall I',, or a varying slip length A(7,#1) = Ao exp(—c|éy — &% (1)])
which decreases exponentially away from the contact point &*(). Note that the
overall dynamics of the two-phase system will be independent of the latter, local
slip condition, and especially of the exact form used; only the flow field close to the
interface will be affected, see Section 2.4. This is in accordance with the results
in [97,288]. Furthermore, note that we consider for simplicity the same slip length
) for both fluids, although they could in principle differ. It is possible to extend the
analysis below to incorporate fluid dependent slip lengths.

At the contact point *(¢), the contact angle § between the wall fw(f) and the
fluid interface f(i) must be prescribed. As discussed in Section 1.2.2, the contact
angle is dynamic and possibly hysteretic. To represent this behavior, we assume the
contact angle ¢ to depend on the velocity —9,2*(¢) - t,, of the contact point parallel
to the wall. Recall that * = 4|,—1, so this contact angle condition is expressed as

cos(0(—O - twls=4,)) = tr - t| ats=1, (2.7)

21=%1

where 6 : R — (0,7) is a given dynamic contact-angle model. Note that any dy-
namic contact-angle model that satisfies assumption (A5) below can be used. Spe-
cific relations for hysteretic # and their effect on the behavior will be discussed in
Section 2.4.4. Furthermore, to account for heterogeneities, the following analysis
can be straightforwardly extended to the case when the contact angle also depends
on the position &7 (t) of the contact point.

At the interface f(f), there holds continuity of the velocity and of the tangential
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stress, while the jump in the normal stress is caused by the surface tension

Q= on I'(d), (2.8)
—(pr — pn)nr + 2(uD (@) — pnD(@n))nr = ohnr on I'(d), (2.9)

where & = det (0,7, 8%7)/|0sv|? is the local mean curvature of the interface. Note
that this curvature generalizes to V- nr for three-dimensional domains. The inter-
face moves according to the normal velocity of the fluids,

Oy -mr = ur - mr on I'(f). (2.10)

At the inlet boundary fin, either the pressure p;, or the velocity u;, is given, namely
either

Pr =P, Ur-tin=0 or U=y on [ip, (2.11)
while an outflow boundary condition is applied at fout (corresponding to pout = 0)
pu =0, - tou =0 on oy (2.12)

The problem is closed by the initial conditions ﬁ/|£:0 = 4, for the position of the
interface I'(0) and @q|;_, = a0 for the velocity in ©,(0). In the following, we
will omit the initial conditions and implicitly require them to match the asymptotic
solutions in Section 2.4 to avoid possible initial layer solutions for small times.

2.3. Dimensionless formulation

To quantify the importance of the different terms of the model, we rewrite the
equations in a dimensionless form. As we consider a single, thin pore, we intro-
duce the small parameter ¢ = @w(0)/L < 1 which characterizes the ratio of the
typical width to the length of the thin strip. Note that in a general porous medium,
e would reflect the ratio of the size of a pore to the length scale of a representa-
tive elementary volume. With this, we rescale the governing equations using the
dimensionless quantities (see also Table 2.1)

g @ & WU A A
VTL TP w(0) T el L’ ~w(0)  eL’
. 1(t, s 5 Aa(t,s)  Aall,s 5 w(& W(z
’Yl(tvs) - 1(L )a 72(t35) - 121](( )) = 2(5_ )7 U}("El) - ’UA)((Ol)) = FELl)’
o (A A f A2
0(u) = 0D). () = B e gy Pl DIEE

where U > 0 denotes a characteristic velocity. In particular, the pressure refer-
ence U/ (L) is chosen such that pressure and viscous stress terms in (2.2) are
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balanced. For moderate Reynolds number, this choice ensures laminar flow driven
by the pressure gradients, which is crucial for the validity of Darcy’s law on the
Darcy scale. Note that the coordinates z; and x, are scaled differently to obtain a
domain of order 1, O(£%). Hence, the non-dimensional differential operators are

O,

e 10,,

vE= : A= 03, +e%03

T2

and the divergence changes accordingly. The non-dimensional domains and bound-
aries become

@) ={vt.s) s €01}, & ={zec(0,1) x(0,00) |22 <wa1)},
s, = {0} x [0,1], M :={0 Cc Q°\T*(t) | OUTY, is connected},
QG = J 0, 9l =2\ UOE), T = {1} x [0,w (1)),

oeM
Lo @) ={x € 00 (t) | 22 = 0}, I3 .0 (t) = {x € 09 (1) | w2 = w(z1)}.

sym,a

After the rescaling of (2.1)-(2.12), the dimensionless equations read

e?Re(Opuf + (uf - VO)u§) + Vopf = e Auf in Q5(t), (2.13)
e?RRe(Qpufy + (uf - VOug) + Voph = M2 A%uf  in Qf (1), (2.14)
Veus, =0 in QF (t), (2.15)
Uy, - Ngym =0,  toym - (VU Ngym) =0 on I' (1), (2.16)
VEps, - Mgym = 0, on TS, (1), (2.17)
either pf=1p{,, ui-t,=0, or uj=u;, onTIs,, (2.18)
Pi =0, uf tou =0 on %, (2.19)
t5, - (uf, +2eX°D(uf,)ng,) =0, uf -nj, = onTy (1), (2.20)
at(gj;) nE =l onh, Ul = uf on T5(t), (2.21)
2

(> £ £ £ [ 1> 13 13 € Epa € 15

Ny - Ngym =0 ats =0, (2.23)

cos (0(—0ey° -ty |a1=y2)) = 5 - 15| at s =1, (2.24)

301:’Yf

for « € {I,II}, where the dimensionless numbers R, M, Re and Ca are given in
Table 2.1. The non-dimensional strain is given by D%(u®) = 1(V°u®+ (V°u®)T) and
the transformed normal and tangential vectors are

1 1 1 —€0,, W

e =— v =

w T 9 nw )
V1420, w%)? \ e0,, w® V130, we)? 1
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i 1 0575 ne. — 1 €0s75
r= r=

VD)2 +e2(0,5)% \eosr5 ) V(0:71)% +€2(0:75)% \ —0u75

Furthermore, the non-dimensional curvature is given by

o e det(9s75, 0%~°) e (0750275 — 0s750275)

(B7D)2 +€2(075)2)°*  ((879) +€2(0575)2)*

Remark 2.2. Integrating (2.15) for o = I over V, = {x € Q5(t) | z1 < a} for any
a < mingepp,1]75(t, s) yields by the Gauss theorem and the boundary conditions
(2.16) and (2.20)

w*(a) 1
0 —/ Ve ufde _/ uf - nds :/0 uil|m1=ud:v2 —/0 uil’x1=odx2

Denoting the total flux into the half strip by ¢(¢,0) := fol ufl(t ac)]w1 odz2, we

obtain that for all a < minse[o 1] 75 (¢, s) the total flux ¢%(¢, a) fo |m1:adx2 =

¢%(t,0). Analogously, integrating (2.15) for « = I over Qs( ) and for a = II over
Vo ={z € Qf | v1 < a} for any a > max,¢(o,1) 7i(t, s) yields by the Gauss theorem,
the boundary conditions (2.16) and (2.20) and the continuity of velocity at the
interface (2.21) that

w(a)
0= Ve uidx +/ Ve upde = —¢%(t,0) +/ uf 1|, _ dxa,
Qs Va 0 e

i.e., the total flux q(t,a) := fowz(a) uil|r1:adm2 = ¢(t,0) forall @ > max,cjo,1) Vi (t, 5)-
Within the interval [minc,1] 7 (%, 5), max,e(o,1) 75 (¢, s)], the same calculation shows
that the sum of the two fluxes over the respective parts of the domain equals the
total flux ¢%(¢,0). This means that the total flux is independent of z;, so we will
simply use ¢%(t) in this result for the subsequent analysis.

2.4. Asymptotic expansions

In this section, we derive the formal solution for the two-phase flow system (2.13)-
(2.24) in the asymptotic limit as e — 0, i.e., the behavior in the limit when the thin
strip becomes infinitely thin. We start with the solution in the bulk domains Q2 (¢),
a € {I,II}, away from the interface I'*(¢), where either fluid I or I is present, respec-
tively. In the subsequent section, we show that these bulk solutions are connected
via a boundary layer solution in the vicinity of I'%(¢). Altogether, the solution is of
Hagen-Poiseuille type in the bulk coupled by a dynamic Young-Laplace law at the
interface, such that the interface position and the total flux are given by differen-
tial algebraic equations. Furthermore, we show in Section 2.4.3 that the solution
is regular in the viscosity ratio M, such that it matches the asymptotic limit for un-
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saturated single-phase flow in the limit of vanishing viscosity ratio M — 0. Finally,
a reformulation for hysteretic contact angle models is discussed in Section 2.4.4.

For the following analysis we use an asymptotic expansion technique with re-
spect to ¢ to derive effective models. All variables are assumed to be smooth and
to depend regularly on ¢ starting with the leading order O(c%). We apply the ho-
mogenization ansatz

,T) = ug (t,x) + Eua(t, x) + 0(52)7
y ) = pg(t,.’l)) + 5pé¢(t7w) + 0(52)’
~E(t,s) = ~0(t, s) + eyt (t, s) + O(e?),
for a € {I,1I}. Inserting the asymptotic expansions into the two-phase flow equa-
tions (2.13)-(2.24) and equating terms of the same order in ¢, we will obtain the

asymptotic equations and solutions in the limit as ¢ — 0. To this end, we need
some assumptions on the parameters of the model.

(A1) The Reynolds number Re and its product with the density ratio R are uni-
formly bounded for all 0 < ¢ « 1, i.e., there exists C' € (0,00) such that
Re < C and RRe < (C independent of €. In other words Re < O(e") and
RRe < O(e9).

(A2) The viscosity ratio M of the fluids is of order 1, M = O(c?).
(A3) According to Remark 2.1, the slip length A¢ has the form

_px
)‘E(tvxl) - )\O + )\e exp <_|$1€l‘1(t)|> ,

for given constants A, A\, > 0 that are independent of ¢. Moreover, there
holds either A, = 0, or \° = 0. Note that the latter represents the case of
rapidly decaying slip away from the interface, so that \* has the expansion
Ae(t,z1) = O(eV) for arbitrary N € N as long as z; — z}(t) > e.

(A4) The wall function w® has a uniform expansion
w(z1) = w0 (z1) + ew'(z1) + O(?),

where w®, w® : [0,1] — (0,00) are continuously differentiable, and thus
bounded away from zero. Moreover, there holds w°(0) = 1 and 9,,w"(0) =
Oz, w? (1) = 0.

(A5) The contact angle relation #¢ has a uniform expansion
0°(u) = 6°(u) + €0 (u) + O(?),
where 6% : R — (0, 7) is Lipschitz-continuous.

(A6) If the velocity boundary condition u; = wu{, is used at the inlet IS, the

in n/’
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velocity is given by

0y_ 42
3q(t) 2T + O(e)

0O(e?)

uiy (8, x) =

where ¢ : [0,00) — R is a continuous function independent of e.

As will be seen below, (A1) ensures that the flow remains laminar. Furthermore,
(A2) restricts the discussion to moderately viscous liquids. While M > 1 would re-
sult in a highly viscous second fluid which gets immobile as ¢ — 0, we will discuss
the case M <« 1 of a extremely mobile fluid like air (compared to water or oil)
separately in Section 2.4.3. The asymptotic expansions stated in (A4) and (A5)
are crucial for the derivation. As discussed in Section 2.2, slip is necessary to al-
low the movement of the contact point. Hence, (A3) requires a simple expression
of the slip at the pore walls close to the interface to avoid technical complexity,
while allowing for the typical no-slip condition at the pore walls away from the
interface (A\° = 0). The case of global slip conditions (A\° > 0) generalizes this to
applications where the slip length is of the same order as the diameter, e.g., in
nano-fluidic devices or for fluids with low viscosity. The assumption of a horizontal
wall at the inlet and at the outlet (9,,w°(0) = 9,,w°(1) = 0) in (A4) is used to
exclude possible boundary-layer effects caused by non-matching boundary condi-
tions. The inlet velocity in (A6) is then the Hagen-Poiseuille profile incorporating
the Navier-slip condition. Assumptions (A4) and (A6) can be relaxed if the bound-
ary conditions (2.18) and (2.19) atI';, and I'; ,, are replaced appropriately, or if the
resulting boundary layer matches the asymptotic solution of the following analysis.
We observe that (A4) rules out the possibility that the pore has walls with rapidly
oscillatory characteristics (so-called “rough walls”). Such walls can be character-
ized by a function w®(z1) = w°(z1) + cw'(z1/€) + O(e). Clearly, this would strongly
affect the shape and position of the interface. A naive extension of the following
results would yield unphysical oscillations of the interface, so that we restrict the
discussion to slowly varying walls.

Note that the normal and tangential vectors nf, tg, ng, and t;, depend on ~* and
w¢, respectively, such that these can be expanded, e.g.

ng = (9) —e( 2 )+0< )

s’Y 0
<7sign(6571)) \a 0] ( 5“31 ) + O(£?) for 9,70 # 0,
np=4____ 1 (9w ) %( B )
' @112+ (@, >2( 0.01) T E oAl @ \ -0
S 1a 1 Os 28e 2 —0s .
+€((8Ww1);+:rd J)Z);Y/‘z ( ik ) +0(e?) otherwise.

(2.25)

In particular, the direction of the normal vector n% depends on 9;7Y. If 959 # 0 for
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some s € [0, 1], the interface I'*(¢) is largely deformed over a region that has a width
O(e"), namely I = [min,e 1) 7§, maxgeo,1 v] with [I| = O(eY). Therefore, there are
both fluids present along a transversal segment at any z; € I, and complicated
interface dynamics occur in the limit ¢ — 0. On the other hand, if 9,7 = 0, only
small deformations with |I| = O(e) are possible, and we obtain asymptotically a
sharp transition from fluid I to fluid I at .

2.4.1. Flow in the bulk domains

First, we consider the flow in the bulk domains €, o € {I,II}, and solve the
resulting equations away from the interface. Inserting the homogenization ansatz
into (2.13)-(2.20) using (A1)-(A6) and a Taylor expansion around x5 = w’(x;) for
(2.20), one obtains

O(e) = uyp) — 92,074 in Qf(t), (2.26)
O(e) = 0, p? in Q§(t), (2.27)
O(e) = 9y, Pt — MO2, ug 4 in Q5 (1), (2.28)
O(e) = OypY; in Qg (1), (2.29)
0(?) = 8z2u3)2 +e (&Elug L4 Opyul, 2) in QF (¢), (2.30)
0% = u3,2 + eu}xyz, O(e) = Op,ul Ug 1 at zo =0, (2.31)
O(e) = 0,00 at 2o =0, (2.32)
Oe) =pf —py, O(%) = uip +eug, or (2.33)
O(?) =u) —uf, + ¢ (u] —ul) atz; =0, (2.34)
O(e) = pY, 0% = uOH,Q + Eu%m atz; =1, (2.35)
O(e) = ud y + A0pul at xo = w(z1),  (2.36)
)

O(E®) =ud 5+ €(Ua)2 + W' Opyug o — ugﬁlawlwo) at o = w'(z1). (2.37)

Note that either (2.33) or (2.34) holds, depending on the choice of the boundary
condition at the inlet I, .
Since we are interested in the flow behavior away from the interface I'?(¢), we
define
Gi(t) := min s, t Gr(t) := ma t
(1) = min ~9(s.1), n(t) = max 99(s,1),
and investigate the problem for z; < Gi(¢) in fluid I and for z; > Gy(¢) in fluid I,
respectively. In leading order, one obtains d,,u, , = 0in Q% (¢) for both o € {L, I} by
the mass conservation (2.30). The symmetry and wall boundary conditions (2.31)
and (2.37) lead to
u02:O fOI’m:I, xr1 <G'1(t)7 and form:H,xl >G]1(t),

a?
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which agrees with the in- and outflow boundary conditions (2.33)-(2.35). The
second component of the momentum balance of fluid I (2.27) yields in leading
order 9,,p? = 0in Q%(¢), which is in agreement with the symmetry condition (2.32).
We conclude

p? = p?(t, 5131) for 1 < Gl(t>.

Analogously, the second component of the momentum balance of fluid II (2.29)
leads to 9,,p% = 0 in Q5(¢) (in agreement with the symmetry condition (2.32)),
and thus

pi = pa(t, 1) for 2, > Gu(t).

From the first component of the momentum balance of fluid I (2.26) one obtains
Oup) = 0200, in (1)

Integrating twice over z5 using the symmetry and wall boundary conditions (2.31)
and (2.36), this leads to

23 — w®(w1)(w(z1) + 2)\°)
2

In a similar fashion, one obtains for fluid II by (2.28), (2.31), and (2.36)

O, P (t,x1)  foray < Gi(t).  (2.38)

u?,l(t> CL‘) =

22 — w(z1) (W (zy) + 2)0)
2M

uoﬂ,l(t,w) = Op, Py (t,x1)  forxy > Gu(t). (2.39)

Integrating (2.38) and (2.39) over x5 € [0, w’(z1)] for any z; < Gy and z; > G,
respectively, and using Remark 2.2 yields

(w°(1))*(w(21) +3X%)
3

(w’(@1))? (w(21) +3X°)
3M

w’(a)
at) = [ st @esmadea = 0., (t.),
0

w®(a)
at) = [ (6 @)esmadea = - 0. Pt 1),
0
where ¢(t) := fol u%l(t, x)dzo. Note that ¢ is independent of z;, and it is equivalent
to the one in (A6) if (2.34) is given. Otherwise, ¢ is unknown and must be found in
the further solution process. Solving the above equations for pY, with the outflow
boundary condition (2.35) we obtain

T 3
p(t,x) = p (1) — q(t)/o (w0 (€)) 2 (w0 (&) & 3/\0)df for x; < Gi(t), (2.40)

. 3M
) =00 | G o)

Here, the inlet pressure p?n(t) is either given by the inlet boundary condition (2.33),

d¢ for z; > G]](t). (2.41)
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or has to be found in the further solution process. Note that since the inlet boundary
condition is either (2.33) or (2.34), this means that either ¢ or p?. is given, while
the other still must be determined. Inserting (2.40) and (2.41) into (2.38) and
(2.39) yields

w® (1) (W (1) + 2A\°) — 23
2(w9(x1))2 (w0 (z1) + 3A0)
w¥(z1) (w(z1) + 2\°) — 23
2(wO(21))*(w®(x1) + 3A°)

up  (t, @) = 3q(t) for 21 < Gi(t), (2.42)

ugy, 1 (t, @) = 3q(t) for o1 > Gr(t). (2.43)

Using (2.42) and (2.43) in the mass conservation (2.30), the first order equations
become

1 1
8m2ui’2 =q(t) (2(w°(x1) + 3)0)2 * (w9 (x1))?

9(w (1) + 2\°)23
 2(w0(21))P (w0 (a) + 3/\0)2>311w0(x1),

for a € {I,1T}. Integration over x5 using the symmetry condition (2.31) yields

ura(t @) = q(t) (2(w0(x1)2+ DU e

w9 (zq 043
- 2<w3<(>>(<31+<%> )+§Ao>2>8“w°‘”“) for 1 < Gi(t),

ulll,Q(t’w) = q(t) <2(w0(x$2+ 3/\0)2 + (U/O.(le)y

3(w(zy) + 20023
2w (@) PP (w0 () + §A0>2>8“w°(“) for 21 > G (t),

which is in agreement with the boundary conditions (2.33)-(2.35) and (2.37).

Summarizing, we obtain the following solution in the bulk domains. There holds

ui(t, ®) = q(t)-

w?(z1)(w° (z 220)— 22
3 St R et + O()

. v 3(w” (1) +22") a3 0 2y |
c (2<w°<x1>2+3x°)2 + @Gne 2<w°<x1>>3(1w°(x1>+§w>2) O, w” (1) + O(e7)
(2.44)

£ _ o 3
pilte) =20~ a0) | om0 (2.45)
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for 1 < Gi(t), while for 1 > G (t) one gets

ug(t, ®) = q(t)-

w(xy) (WP (x1)+22°)—x2
32(w02I1))2(1;0(w1)+3/\0§ +0(e)

. . 3(w® (z1)+220)z3 '
€ (Q(wo(m1)2+3)\0)2 + (wO(gil))2 - 2(w0(a:11))§(w0(a:1)f§)\0)2) 811w0($1) + 0(52)
(2.46)
pilt.e) = a(t) [ 1 o a + 0(e) (2.47)
N 2 (WO(8))(wO(€) + 3A9) '

This means that the solution in the bulk domains is of Hagen-Poiseuille type. De-
pending on the chosen inlet boundary condition (2.33) or (2.34), either the inlet
pressure p) or the total flux ¢ is given. The other coefficient will be determined
in the following subsection via the coupling at the interface I'?(¢). For upscaled
models, we emphasize that the total flux ¢ is independent of the position z; and
that the pressures p¥, o € {I, 11}, depend linearly on ¢ with a coefficient that only
depends on the geometry (w?), the viscosity ratio M and the slip length \°.

2.4.2. Interface with small deformations

We continue the analysis for the interface region around I'(¢). We first show that
the bulk solutions are not compatible with the interface conditions (2.21)-(2.24).
However, introduction of a suitable scaling allows to find the asymptotic solution
in the boundary layer around the interface I'%(¢), which connects the bulk domain
solutions. Additionally to (A1)-(A6), we make the following assumptions.

(A7) The leading order interface position in z; is constant, i.e., 9,7 = 0.

(A8) The capillary number is given by Ca = ¢°Ca for some 3 € Ny. Here, Ca
denotes the effective capillary number and is independent of ¢.

Note that (A7) means that the fluid-fluid interface I'* has only small deformations,
such that Gi(t) = 4)(t) = Gu(t). Furthermore, (A8) is used to distinguish whether
interfacial tension is relevant or even dominating the interface movement, see
also Remark 2.3. In the alternative case of a largely deformed interface (9,7 # 0),
both fluids are present along a transversal segment since the interface is partly hor-
izontal, see also (2.25). This leads to complicated interface dynamics and requires
a detailed analysis of further boundary layers due to the symmetry and boundary
conditions (2.23) and (2.24), which yield 9,79(¢,s) = 0 for s € {0,1}. However,
this lies outside the scope of this manuscript.

Inserting the homogenization ansatz into the kinematic interface condition (2.21)
gives

07y — U?,1)3s7§ + “?,288’711 = O(e).
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Since 7? is constant in the parameter s, a non-singular parameterization requires
ds79 > 0. Inserting the bulk solution (2.44), where u{, = 0, yields in leading order

0(1) (w°(7?) + 2X°) — (49)?
2(wO(79))2 (w0 (1Y) +3X0)

which contradicts the assumption that 4 does not depend on s, except for the triv-
ial case ¢(t) = 0. Therefore, we expect the existence of a boundary layer around the
interface I'“(t). Here, the idea of the matched asymptotic expansion method is to
find an asymptotic solution of the problem in rescaled, so-called inner coordinates
close to the interface (the boundary layer). This solution must satisfy the interface
conditions and match the previously derived, so-called outer solution (2.44)-(2.47)
in the bulk regions. The combination of inner and outer solutions then solves the
problem in the whole domain. For a detailed introduction to matched asymptotic
expansion method we refer to [317].
To resolve the boundary layer, we apply the inner scaling

w
9y = 3q

Xl(t,l’l) = (mlf")/(l)(t))/é‘, X2 = X2
and use the rescaled variables and domains (see also Table 2.1)

ve = (VD) UL X) = wilte), PiLX) =it ),
Q) = {X €R?[0 < Xy < w(0(t) +eX1)}, Tg(t) = {Yt.s)|se0,1]},
oi(t) = {X(tz) |2 e O, Len(t) = {X (4 2) [z € O},

% walt) = {X € 0054 (t) | X2 = w9 (t) +eX1)}.

X ,W,a

The matching conditions between inner expansion in terms of X and outer expan-
sion in terms of x require the equivalence in the limit, i.e., for any outer quantity
a,(t,x) with inner expansion A (¢, X) there must hold

lim af(t,x) = lim AL (t, X)|xy—as-

z1—>'y? X1—(—-1)*c0
With the rescaled coordinates, (2.13)-(2.17) and (2.20)-(2.24) become

e?Re(c0,US — 0x, U0y} + (U5 - VUY) + Vi Pf = e A, U5 in Q2 1(t),

(2.48)
e?RRe(c0, U — Ox, U0y + Uy - VoUR) + Ve Pf = Me A UL in Q5 (),
(2.49)
Ve US =0 in Q%.(t), (2.50)
U, Ngym = 0, tsym - ViU Mgy = 0 at X =0, (2.51)
VPS5 ngym = 0, at X, =0, (2.52)
T, - (US + 20D, (US,)NS,) =0, U, N5, =0 onT§ . (t), (2.53)
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N, +e0, Y- Nf.=U5 N, Uj=Uj onT:(t),  (2.54)
~(Pf = F)NT + 2:(Dy(Uf) - MDL(UR))Nf = —K*Ni. onI5(t),  (2.55)
N5 - ngym =0 ats=0, (2.56)

cos(09(—0, (VW Te 1 +eY° T |x,=vs) = TF - T@]XFYIE ats=1. (2.57)

The transformed normal and tangential vectors are given by

TS, =1t N, =n

vl
w Wlzy=9P+eXy’ Wiz =9P+eXy’

. 1 5 E 1 0,Ys
TF = AV = 285Y 5 JVF = =3 =9 - 3
V(0:YF)? + (9,Y5) V(0:YF)? + (9:Y5)2 \ —0,Y;

and the rescaled curvature K¢ is

D5 Y02V — 0, YS02YF
(0, Y)2 + (9:Y5)2)**

€ __

Inserting the homogenization ansatz into (2.48)-(2.57) using (A1)-(A5), (A7),
(A8) and a Taylor expansion around X, = w’(1?(¢)) for (2.53), one obtains

O(e?) = V, PP + ¢ (Vi P! — A UY) in Q% 1(t), (2.58)
O(e?) = V, P{ + ¢ (Ve P — MAUY) in QF 1(t), (2.59)
O(e) =V, U° in Q% (),  (2.60)
O()=U2,  O() =0x,U2, at X, =0, (2.61)
O(e?) = 0x,P° + €dx, P} at Xo =0, (2.62)
O(e) =Ug 1 + (A" 4 Ac exp(—|X1])) (2.63)

: (aXngJ + Ox, Ug,?) at Xo = w’(1{ (1)),

O(e) =Uq» at X, = w’(77(1)),
(2.64)
O(e) = (0 — UPy) 0,Y3 + U0, Y7 on T (1), (2.65)
O()=UY - Uy on T (t), (2.66)
O 120 = (P = Pf) + s Pl B0l oI5, (2.67)
O(e) = 0,Y" - (Dy(U]) ~MDUY) ( %50) onTi(),  (2.68)
O(e) = 9,Y7 ats=0, (2.69)
Oe) = ST ¢ — cos(6°(0Y)) at s =1. (2.70)

(0:Y7)?+(0:Y7)?

The leading order terms in the momentum equations (2.58) and (2.59) vyield
V, . P? =0in QF ,(t) for « € {I,I}. This is in agreement with the symmetry condi-
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tion (2.62). By matching with the outer solution we obtain
Pot,X) =p2(t,70(t))  forall X € Q. (t). (2.71)

Remark 2.3. Recall that we assume Ca = ¢°Ca for some € Nj. Considering
(2.67), one must distinguish the cases 5 < 1, S =1and g > 1. For § < 1, the
interface tension force is negligible in leading order, such that the pressures PIO
and Pﬁ) are equal. Formally, this allows to determine the leading order solution
of the outer bulk-flow problem. However, this also means that the interface T'S (¢)
is not stabilized by surface tension, but part of the first order solution, such that
we cannot guarantee solvability. Furthermore, one might expect the occurrence of
topological changes due to e.g. formation of bubbles, thin films, etc. which are not
part of this model. In the case § > 1, the interfacial tension force is dominating
(2.67), so that the leading order curvature K of the interface is zero. Due to the
boundary conditions (2.69) and (2.70), this can only happen if the leading order
contact angle 6°(9,7Y) is w/2 for any 49(¢), i.e., for a constant contact-angle model
for perfectly mixed-wet materials. Even worse, due to (2.71), the leading order
solution of the outer bulk-flow problem then depends on the first order solution,
such that we cannot assure the solvability in this case either. We therefore consider
in what follows only the case g = 1. Then the pressure difference is balanced by
the surface tension force in (2.67). This leads to a solution for the outer bulk-flow
problem as well as for the interface shape.

In the regime 8 = 1, plugging the constant pressures (2.71) into the interfacial
force balance (2.67) yields a constant leading-order curvature K given by

_ 0YPRYY — 0,YP02YY

KO
((BY2)2 + (8,Y)2)*?

= Ca(py — 1)ley =0 (2.72)

Therefore, the interface is a circular arc. By the contact-angle condition (2.70), one
obtains

cos(0°(917))

w'(})

Combining (2.72) and (2.73) and plugging in the bulk pressure solutions (2.45)
and (2.47) leads to

K% = (2.73)

0 " 3 " ! 3M T
Pin — ¢ (/O (w0 (z1))2(wO (z1) + 3)\0)d 1+ /y? (wO(z1))2(wO(z1) + 3)\0)d 1)
_ cos(6°(97Y))

Cau®(7}) @70

Due to the constant curvature (2.73) and the symmetry condition (2.69), the
leading order interface T'Y () := {Y (¢, s)|s € [0, 1]} is given (up to a reparametriza-
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tion) by

w?(~2 cos((Z—0°(0:7Y))s)—sin(6°(9:42)
YO(t S) _ cos(00((g1’)Y‘f)) < ( ’ sin( %’Y_lei)(??t’y?))(s) " )> for 00 7& 7T/2’

w’ (Y (#)(2) for 0° = /2.

Analogously to Remark 2.2, by the mass conservation (2.15), the interface ve-
locity (2.54) and the outer velocity solution (2.44), we obtain

1
g 1> € €
0= Ve uide = [ uj-npdl — ufl‘l _odr
Qs c 0 !

1
= | 9INf, +e0, Y Nidl — q+ O(e) = / o0, Ysds — q + O(e)
I'e 0
= 0w’ (1Y) — g+ O(e).

Therefore, the leading order position ~{ of the interface fulfills

q(t)
oY (t) = .
' wo (77 (t))
To find the solution for u?, p% (a € {I,1}), which is given by (2.44)-(2.47),
one has to determine 7, ¢ and p? . The derivation depends on the chosen inlet
boundary condition. For a given inlet velocity uf = u§, at I'f,, the value of ¢ is

m n/

known. Plugging ¢ into (2.75) and solving for 7 yields

(2.75)

3806 = (Wiablewo) + [ atrir )

where W(¢) = fof w®(z1)dz1. Note that W' = w® > 0 by (A4), such that the inverse
function W1 is well-defined. Finally, pion can be found by (2.74).

For a given inlet pressure pf = p5, at I'c,, the value of p is known. Then, the
differential algebraic system (2.74) and (2.75) has index 1 and can be solved for
q and +{. Inserting (2.75) into (2.74) and applying the implicit function theorem
to find ¢ depending on +¢, a sufficient condition for solvability is

(7 (i) o (atip)

" 1
0(~0Y\\2 3 3M
7é Ca(w (’}/1)) (A (w”(a:l))z(wo(af1)+3)\0)dxl + /0 (’wo(:cl))2(w°(x1)+3)\0)dxl) ’
8

1

where (0°)" denotes the derivative of 6°. Note that the righthand side is always
positive, so that any contact-angle model which fulfills (%)’ < 0 for §° < /2 and
(6°) > 0 for #° < 0 yields solvable differential algebraic equations.

Furthermore, from (2.58)-(2.66) and (2.68), the velocity close to the interface is
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given by two coupled Stokes problems. More precisely, these problems are defined
in the domains

Q1) ={X e R x (0,w°(Y{())) | Fs € [0,1] : X1 < Y (t,8) A Xo = YJ(t,5)},
Qo n(t) ={X eRx (0,w°(¥{ (1)) | Is € [0,1] : X1 > Y (t,8) A Xo = Y3 (t,5)}.

With this, the two problems are (« € {I,1})

0=V.P —AUY in Q2 1(¢),
0=V, P —MAUY in Q2 (1),
0=V, U in Q2 (1),
0=U02, 0=0x,U),, 0=0x,P, at X, =0,
0=Ud1+ A\ +Acexp(=|X1])) Ox,Ug 1, 0=Ug,  at Xo=w’(7{(1)),
0= (99 — Ufy) 0.Y2 + UP50.Y, on T (¢),
0=U)-Uy on TY (1),
.Yy
0=8,Y" - (D(U}) - MD,(U)) ( 57%) on TY(#),
1 0_ .0
0= Jim Ur-wl, p0x
1 0 _ .0
0= Xlllinoo Uj uH‘I1:V(1JJJ2:X2'

2.4.3. Unsaturated flow limit

In (A2) we assumed the viscosity ratio M = O(c?). Here, we investigate the case
when the viscosity of fluid II is much smaller than that of fluid I, like in a system
consisting of water and air. Hence, we replace (A2) by:

(A9) The viscosity ratio satisfies M < O(e).

Following the same steps as in the previous subsections, we obtain a model which
only includes the flow of fluid I, while the flow of fluid II can be omitted. In other
words, the upscaled model is an unsaturated flow in the thin strip. Furthermore,
the effective solution for fluid I will coincide with the one obtained when letting
M — 0in (2.44), (2.45), (2.74), and (2.75) derived previously.

To this end, we use the same asymptotic expansions and (A1), (A3)-(A8) and
(A9) instead of (A2). For fluid I, we obtain again (2.26), (2.27), (2.30)-(2.32),
(2.36), and (2.37) and work with either (2.33) or (2.34) as inlet condition. There-
fore, the solution for fluid I is again (2.44) and (2.45), where p? and ¢ are given
by the interface region and the inlet condition.

For fluid II, the leading order momentum balance equations become

Oe) = &Clp%, Oe) = &CQp% in Qg (t).
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Together with the leading order outflow condition O(¢) = p¥; at 1 = 1, we conclude
that pY(t,z) = 0 in Q(¢). Rescaling the interface region as in Section 2.4.2 and
taking (A7) and (A8) into account, the leading order equations for fluid I are again
(2.58) and (2.60)-(2.64). Since pY; = 0, the interface conditions are (2.63)-(2.65)
and (2.69), as well as

P 0,Y Y — 9,YD92Y?

O(Emin(l,Q—ﬂ)) — PO T onI¢ (t),
! Ca ((8,Y0)2 + (0,Y0)2)*? N
0
0(e) = 0.Y° - DU %) on I'g (¢).

In the regime § = 1, this yields a constant leading-order curvature, implying

0 7" 3 oy — 005(90(@7(1)))
- q/o (wO(21))?(wO(21) +3)\0)d T T Gawt(70) (2.76)
O (t) = 1uog§§1t))' (2.77)

2.4.4. Hysteretic contact-angle model

The previous analysis requires that the dynamic contact angle relation is continu-
ous, as expressed in (A5). However, experiments suggest the occurrence of con-
tact angle hysteresis, see e.g. the reviews [42,265] discussing this as a result of
surface wettability and roughness. This means that static contact angles are not
unique, but can vary due to pinning. Here, we allow that the contact angle relation
0¢ involves a multi-valued graph if the velocity of the contact line is zero. To still
obtain a well-defined contact-angle law, we reformulate the respective condition
under the following assumption, which replaces (A5).

(A10) Restricted to R \ {0}, 6° is a Lipschitz-continuous and strictly monotonic
function into (0, ). For a zero velocity, it can take any values as follows.

6%(0) € [lim,, o 0%(u), lim,~ o 05(u)] if 6° is increasing,
(im0 0%(u), lim, o 05(u)] otherwise.

Using the monotonicity of 6%, one can invert the relation with respect to the velocity.
For this, let (¢ := (cos(#°))~! be the inverse of cos#°. By (A10), (¢ is well-defined
and Lipschitz-continuous. As before, we assume that (¢ depends regularly on .

(A11) (€ has a uniform expansion
(%(a) = ¢°(a) +e¢*(a) + O(?),

where ¢°: (—1,1) — R is Lipschitz-continuous.
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With this, we study the Navier-Stokes system for two-phase flow (2.13)-(2.23),
but replace (2.24) by the following, inverted contact angle condition

C(# ]y tilmg) =005 (2.78)

Since the analysis in Section 2.4.1 is independent of the interface region, and in
particular does not use (A5) or the non-hysteretic contact angle relation (2.24),
the derived bulk solutions (2.44)-(2.47) remain unchanged.

Using (A1)-(A4), (A6)-(A8) and (Al1l) instead of (A5), we repeat the analysis
close to the interface I'(¢) from Section 2.4.2. Following the same steps, we obtain
a circular interface with constant curvature K°, which is then implicitly given by

0} = (W ODK).

Combining this, the pressure balance (2.72), and the outer pressure solution (2.45)
and (2.47), one obtains

) = % (w’(Y)Ca (ph, — ¢J (1)) , (2.79)
where

81 3 ! 3M
0y .__
JOn) '_/O (w0 (21))2 (w0 (z1) + 3A0) a1 +A9 wO (1)) (wO(x1) +3A0)d

Together with (2.75), this forms a differential algebraic system of two equations
for the two unknowns +{ and either p? or ¢. Furthermore, the Stokes problem for
finding the velocity close to the interface remains unchanged as well.

The solution process depends again on the chosen inlet boundary condition, anal-
ogously to the discussion in Section 2.4.2. As before, it is sufficient to obtain ~?,
pY and g, since these are the unknown coefficients for the bulk solutions u? and
Y (o € {I,I}) given by (2.44)-(2.47). For an inlet velocity boundary condition
ui = uf, at I'y,, the value of ¢ is given. Hence, plugging this into (2.75) yields 7,
and thus one can solve (2.79) for p{ . However, the solution of the inlet pressure
pY is not unique if the contact angle relation 6¢ is multi-valued at velocity u = 0. On
the other hand, for an inlet pressure condition pf = p5,, the value of p? is known.
Then, the differential algebraic system (2.75) and (2.79) has index 1 and can be
solved for ¢ and +{. Inserting (2.75) into (2.79) and applying the implicit function
theorem to find ¢ depending on ~?, a sufficient condition for solvability is

1

0V (2 (~°\Ca (10 — 0
(") ( (’Y1)Ca( in qJ(”Yl))) # Ca(w®(19))2J(79)
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Figure 2.2.: Sketch of the axisymmetric, thin tube ( filled by two fluids with inter-
face T's(¢) at time t.

2.5. Upscaling for a thin cylindrical tube

So far, we have considered the upscaling in a two-dimensional thin strip. In this
section, we extend this to the similar setting of an three-dimensional, thin tube.
Assuming axisymmetry for all quantities, the dependency on the angular compo-
nent can be suppressed everywhere, so that the derivation of the upscaled model
is for the most part identical with the previous sections. However, we additionally
incorporate gravity as external force. In the following, we present the derivation
with special attention given to the changes compared to the two-dimensional case.

2.5.1. Non-dimensional model

We use a cylindrical coordinate system oriented along the symmetry axis of the
three-dimensional, thin tube. Then, the axial and radial components of a vector are
denoted by -, and -, while we suppress the angular component. For a point x, we
write z = z, and r = z,.. Furthermore, the unit vectors in axial and radial direction
are denoted e, and e,., respectively. We directly state the non-dimensional model,
where all quantities are scaled as before in Section 2.3, see Table 2.1.

The axisymmetric tube is depicted in Fig. 2.2. We consider the non-dimensional
radius to be a given smooth function w : [0,1] — (0,00), which is independent of
e = w(0)/L (w being the dimensional radius) to simplify the presentation. This
satisfies (A4), and higher order terms in € would not affect the leading order flow
solution, as shown previously for the thin strip. Therefore, the non-dimensional
tube domain is Q := {z € (0,1) x (0,00) | » < w(z)} and its outer wall boundary
is given by I'y, := {(z,w(2)) | z € [0,1]}. The axisymmetric fluid-fluid interface
appears as a free boundary and is given by IT'S(¢) = {v(¢,s) | s € [0, 1]} with the
parametrization ~°. Therefore, the normal and tangential unit vectors are given by

e __ 1 € e _ 1 € _ e
= \/(st§)2+(83w$)2857 ’ 't (057%)%+(20:75)? (edsr7ez — dzer),
8 =———1 (e, +c0.we,), nt=-—1—(—cOwe,+e,).

w 1+ (e0,w)?

w 1+ (ed,w)?
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The non-dimensional differential operators in cylindrical coordinates are
Vei=e.0. +e e 0., A°=02+¢c *r 10,(rd,), D(u) = 3(Veu+ (Viu)"),

and the divergence is scaled accordingly.

The flow of the two immiscible phases in the sub-domains Qf(¢) and Q5(¢) is
governed by the incompressible Navier-Stokes equations (without angular flow),

e?Re(Opuf + (uf - V)uf) = — Vopf + e A°uf — Ge, in Qf(t),  (2.80)
e?RRe(Juf + (uf - VI)uf) = — Vopf + Me® A°uf —RGe.  in Qf(t), (2.81)
Veus =0 in Q5(t), (2.82)

where uS (¢, ) and p, (t, ) are the velocity and pressure of the phase «. Here, we
include the effect of gravity in axial direction by G, see Table 2.1 for the scaling.
Note that it is straightforward to extend the following analysis to gravitational and
other volume forces not aligned with the axial direction, as long as the force f
satisfies | f| < O(e°) analogously to (A13) below. Together with the assumption of
a small capillary number (A8), this implies a small ratio of gravitational to interfa-
cial forces, so that the assumption of small deformation of the interface (A7) still
applies. Similarly as before, the boundary conditions are given by

PL =P, uf,=0 or uj=up atz=0, (2.83)

=0, up,=0 atz=1, (2.84)

=0, O, =0, 9p,=0 atr=0, (2.85)

us,-ns =0, iv (ug, +25/\fo( ng) =0 on Ty, (2.86)
ui =uy, Oi(vie. +evie,) ng =uf ng on I'!(t), (2.87)

(0~ pim + 2:2(Dui) - M) n = = wmi on 1), (2.89)
ny-e, =0 ats=0, (2.89)

cos (0507 —t5 lo=ye)) =0 £5[_ . ats=1. (2.90)

As before, A\® denotes the slip length, kK = V°-n{ is the local mean curvature of
the interface, and 0 : R — (0, ) is the velocity-dependent contact angle between
the wall 'y, and the interface I's(¢). The initial conditions for the interface position
and for the velocity are omitted. In the following, they are implicitly required to
match the asymptotic solutions, to avoid possible initial layer solutions for small
times.

Remark 2.4. We denote the total flux (in z-direction) at position z by

w(z)
q(t,z) = 27r/ ui’zrdr,
0
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where a =1 for ¢ € Qf, and o = Il for & € 5. As in Remark 2.2 for the thin-strip
case, we integrate (2.82) over V,, = {z € Q| z < a}, a € (0,1), using the Gauss
theorem. Due to the boundary conditions (2.85) and (2.86) and the continuity of
the velocity at the interface (2.87), we obtain that the total flux is independent of
z, so we will simply use ¢%(¢) for the subsequent analysis.

2.5.2. Asymptotic expansion

In the following, we derive the formal solution for the two-phase flow system
(2.80)-(2.90) in the asymptotic limit as € — 0, i.e., the behavior in the limit when
the tube becomes infinitely thin. We use the same asymptotic expansion ansatz
as in Section 2.4 assuming that all variables are smooth and depend regularly on
g, starting with the leading order O(g°). First, we derive the asymptotic solution
in the bulk domains Q5 (¢), o € {I,II}, away from the interface I'(t), where either
fluid I or I is present. Subsequently, we show that the bulk solutions are connected
by a boundary layer solution in an O(g)-region around the interface I')(¢).

The resulting asymptotic solution is of Hagen-Poiseuille type in the bulk cou-
pled by a dynamic Young-Laplace law at the interface, meaning that the interface
position and the total flux are given by differential algebraic equations. The case
of vanishing viscosity ratio M — 0 matches the asymptotic limit for unsaturated
one-phase flow, and a reformulation for hysteretic contact-angle models is possi-
ble. However, we omit the details, since the arguments and results are identical
to those presented in Sections 2.4.3 and 2.4.4 for the thin-strip setting.

We reuse the assumptions (A1)-(A5) and (A7)-(A8) on the model parameters.
Additionally, we require the following.

(A12) If the velocity boundary condition u; = w;, is used at z = 0, the velocity is
0 2
given by uf, _(t, @) = 2q(t) FE5 + O(e) and uf, , = O(c2).

(A13) The gravitational effect G is uniformly bounded, i.e., G < O(eY).

Note that (A12) excludes possible boundary-layer effects caused by non-matching
boundary conditions, just as (A6) did in the thin-strip case. Furthermore, (A13)
ensures that the leading-order interface parametrization remains axisymmetric,
and that the gravitational acceleration along the tube is balanced by the stress.

First, we solve the flow equations in the bulk domains Q¢,, o € {I,II} away from
the interface. Inserting the homogenization ansatz into (2.80)-(2.86) using (Al)-
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(A5), (A7), (A12) and (A13), one obtains in leading order

O(e) = —0.p0 + 10, (royuf ) — G in Q5(t), (2.91)
O(e) = —0.py + Mr~'9,(royuy ) — RG in Q5 (t), (2.92)
O(e) = 0,p° in QF (1), (2.93)
O(e) = ar(rug,,«) in Q (1), (2.94)
O(e) = ugm, O(e) = 0pul ., O(e) = 0,p), atr =0, (2.95)
O(e) =pf —pin, O(e) = ui, or (2.96)
O(e) = u?d — ujy at z =0, (2.97)
Oe) =pY, Oe) = uOH’T at z =1, (2.98)
Oe) =ud . + N0y, ., Ofe) =u, at r = w(z). (2.99)

Note that either (2.96) or (2.97) holds, depending on the choice of the boundary
condition at z = 0.

Since we are interested in the flow behavior away from the interface, we inves-
tigate the problem for z < 42(¢) in fluid I and for z > ~9(¢) in fluid II, respectively.
By the mass conservation (2.94) together with the symmetry and wall conditions
(2.95) and (2.99), one obtains

uoayr =0 fora =1, z < 72(t), and for a = 10, z > ~2(¢). (2.100)

Equation (2.93) yields that p¥ is independent of r for both phases. Integrating
(2.91) twice over r and using the symmetry and the wall boundary conditions
(2.95) and (2.99), one obtains

r? —w(z)(w(z) + 2X%)
4

Analogously, one obtains for fluid II by (2.92), (2.95), and (2.99)

(0.1 (t, 2) + G) for z < ~%(t). (2.101)

u?,z (ta :E) =

2 _ 0
uon,l(t, x) = ! w(z)iz:/l(z) +2) (azp%(t, z) + RG) for 2 >~%(t).  (2.102)

Integrating (2.101) and (2.102) over the cross-section yields with Remark 2.4

w(z) 3 0
= 271'/0 u) (t, @)rdr = _mw(2) (1;(2) ) (O:p1(t,z) +G), (2.103)

w(z) 3 0
- 277/ uy L (t, @)rdr = _m(w(z) (;”NEZ) +4X7) (9.pu(t,z) + RG), (2.104)
0

where ¢(t) := 27 j'ol uf ,(t,x)|.—ordr is the leading-order total flux. Solving these
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equations for p?, we obtain with the outflow boundary condition (2.98)

8
w(§) +4X°)

0/ 2y — . ! 8M
At = R0 =)+ || tare

Inserting these expressions into (2.101) and (2.102) results in the following solu-
tion in the bulk domains. There holds for z < 2(¢)

() = alt) = Gz —a(t) |~ de forz <2(0),

d¢ for z > 72(1).

w(z)(w(z) + 2X%) — 2

ui(t,x) = 2¢q(t) (w2 (w(e) T 10) e. +0(e), (2.105)
c o (f) — G — - 8
pI(t,:B) *pm(t) G Q(t)/o W(w(f))?’(w(f) +4)\0>d§+0(€), (2.106)
and for z > ~79(¢)
wi (t, ) = 2q(t) LR W) + 20) = 4 O(e), (2.107)

m(w(2))* (w(§) +4A°)

pilt@) =RG(1=2)+a(t) [ it

(w(&) +4A%)

dé + O(e). (2.108)

This means that the solution in the bulk domains is of Hagen-Poiseuille type also
in this case. Note that the first order equations for the radial component of the
velocities u/, . can be derived as in the previous section. However, they are of no
interest here and thus omitted.

Depending on the chosen inlet boundary condition (2.96) or (2.97), either the
inlet pressure p;, or the leading-order total flux ¢ is given. The other coefficient
will be determined in the following via the coupling at the interface I"*(¢). Exactly
as for the thin-strip case, the bulk solutions are not compatible with the interface
condition (2.87). We omit the details here and directly introduce the inner scaling,
which allows to find the asymptotic solution in the boundary layer around the
interface I'%(¢). Similar as in Section 2.4.2 (see also Table 2.1), and due to (A7),
this inner scaling is given by

0
— t
X2 =220y
€
5._’72—’}’2 e € e e e e €
Y =2 —%e, +ve,, Ut X):=ul(t,x), P,(t,X):=0p(t,x).
€
The geometry becomes Q5(t) := {X(t,x) | ¢ € Q}, and analogously for I'S (),
QL (1), Tg , ,(¢) for a € {I,1T}.

X, W0

Note that analogously to Remark 2.4, by the mass conservation (2.82), the in-
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terface velocity (2.87) and assumption (A7), we obtain

rdr

w(0)
0= AVAR 'U/fdw = / Uf ! n%da - 27T/ uiZ’z:0
€ O

QF

= [ 97IN2 da—q+O(e) =7 (w(r2))* 9 — g + Ofe).
FE

Therefore, the leading order position 7Y of the interface satisfies

q(t)

0= = e

(2.109)

Inserting the homogenization ansatz into (2.80), (2.81), and (2.88)-(2.90) using
(A1), (A2), (A5), (A7), (A8), (A13), and the inner scaling, one obtains

O(e) = V. P? in Q% (1), (2.110)

O(e) = (PP — PY) + CiKO on T (1), (2.111)
a

O(e) = 9,Y? at s =0, (2.112)

0,Y?
V(05YD)2 + (9,Y,0)?

O(e) = cos (0°(0:72)) + ats=1, (2.113)

where we chose Ca = ¢Ca, see Remark 2.3. Furthermore, K° is the scaled leading-
order curvature

o DYDY — 0, Y0027
(9:Y2)2 + (2, Y,0)2)**
By (2.110), the leading-order pressures P! are constant in Q5 () for o € {I,1I}.
By matching with the outer solution, we obtain

P(t, X) =pd(t,2(t))  forall X € Q5 ().

Inserting these constant pressures into the interfacial stress balance (2.111) yields
that the leading-order curvature K© is constant and given by

Ca

K® = <= = p)l=e- (2.114)

Therefore, the interface is in leading order a spherical cap. By the symmetry con-

dition (2.112) and the contact-angle condition (2.113), one obtains
CoS (90(@72))
w(?)

Combining (2.114) and (2.115) and inserting the bulk pressure solutions (2.106)

K% = (2.115)
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and (2.108), leads to

,yg 8 1 8M
_ 2cos (6°(8:1Y))
— G0 +ROI-92) = — e

z

(2.116)

To find the solution for wY, p2 (a € {I,1}), which is given by (2.105)-(2.108),
one has to determine ~1°, ¢ and p;,. The derivation depends on the chosen inlet
boundary condition, as discussed in Section 2.4.2, so we omit the details here.
Furthermore, one can use the O(¢) terms of the inner expansion to (2.80)-(2.90)
to obtain a Stokes problem for finding the velocity close to the interface.

2.6. Averaged models and effective quantities

Based on the asymptotic solution for pressures and velocities, we continue with the
study of averaged models and effective quantities. First, we show that a local, one-
dimensional version of Darcy’s law holds for the transversally averaged pressures
and velocities. In the second part we derive effective quantities based on volume
averages. The main result is a capillary pressure - saturation relationship involving
dynamic effects.

In the following, we are only interested in the leading order relations. To sim-
plify the notation, we thus drop the indices (-)¢ and (-)?, and neglect higher-order
terms. Hence, all following equations should be understood as up to terms of or-
der ¢. To distinguish the two-dimensional strip and the three-dimensional tube, we
use the index (), or (-);, respectively. No index is used if the expressions coin-
cide. Furthermore, the axial coordinate is always denoted x; (instead of z in three
dimensions).

2.6.1. Transversal average: Darcy’s law

In the following, we derive the transversal average of the quantities to demonstrate
that the one-dimensional descriptions of the thin strip and of the thin tube yield
a local version of Darcy’s law. Starting with the thin strip, recall that the total
flux (in the half strip) ¢(t) is independent of x; as discussed in Remark 2.2. The
transversally averaged velocity in x;-direction is therefore given by

(w(xy))~? féw(xl)u171(t,a:)da:2 for 1 < v1(t),
(w(z1))~! [ g (8, @)day for 2y >y (t),

q(t)
w(zy)

a(t,x) =
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Permeability K

Q) 7
&
o,
7’

N
’ D,
//,/ q,o

Figure 2.3: The local permeability K has
a quadratic dependence on
the width w and increases ; ;
for increasing slip length \. 1 2

Since the pressures p; and py are independent of x5, we obtain by (2.45) and
(2.47) for the transversally averaged pressures

1 w(z1)
Dy (t = t,x)d
PI( 75E1) w(JU1)/(J pl( ,CB) T2

T 3
=10 [ gyt e <m)

w(zy)
Pult,z1) == / pu(t, @)de

w(w1) Jo

1 3M
—a® / W@ w(E) 30 © for 21 > m ().

This means that the transversally averaged pressures in the thin strip satisfy a
Darcy-type law

K(xl)
M

a(t,x1) = —K(21)0z,pr(t, x1), u(t,x1) = — 0, D, (t, 1), (2.117)

where the local permeability is given by

K, (z1) := gw(@y)(w(z1) + 3X).

An analogous calculation for the thin tube using the transversal average (1) =
w2 ["(-)2rdr leads to (2.117) with the local permeability

Ky(21) == fw(@y)(w(zy) + 4N).

These permeabilities depend only on the local width w of the thin strip and on the
slip length ), see also Fig. 2.3. Note that without slip (A = 0) these are the typical
relations for single-phase flow: u© = ;L;azlp in a thin strip of diameter d = 2w,
and uw = %28zp in a tube with radius R = w. Also note that the permeabilities are
non-dimensional due to the chosen scaling of the radial coordinate by @ (0).
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2.6.2. Effective quantities: Dynamic capillary pressure

To obtain effective quantities like the saturation and the intrinsically averaged pres-
sures, we use volume averages. With these, we obtain a capillary pressure - satura-
tion relationship involving dynamic effects. In line with classical volume averaging
theory [261,323], we define the volume average (f,) of a quantity f, defined in
Oy, a € {I,1I}, to be

(o) o= T Tt
R
while the intrinsic average is
(Fabe i 20 Fo
N

Note that polynomial corrections were discussed in [246,247], which take the cen-
ter of mass of each phase into account. This approach includes spatial derivatives
é%(f@a for k=1,...,K € N in the locally averaged quantities. This affects the
exact value of the effective parameters, but the general structure of the upscaled
relations remains the same. For simplicity, we just use the classical volume aver-
ages over the whole domain.

We denote the volume of the strip or tube up to x; by

vxmw:A”w@ma Vﬁm%:WAm@Mﬂfﬁ-

Then, the volume of the domain €y is given by JQI dx = V(v1). Analogously, we
have [,dz = V(1) and [, dz =V(1) - V(71). Therefore, the saturation of fluid I
is in leading order given by

Jowny 4 V(n(#)

S(t) = <1QI(t)> = jQ d = V(l) . (2.118)

Note that we only consider the case when both phases are present, so that v;(¢) €
(0,1) and S € (0,1). For simplicity, we define the functions

R(S) d=2,

’)’(S) =y (V(l)S)a R(S) = U)(“/(S)), -A(S) = 71'(73,(5))2 d=3,

(2.119)

which represent the position of the interface, the local width/radius and the local
cross-sectional area, respectively, each depending on the saturation S and on the
geometry of the thin strip. Here and in the following, d € {2,3} denotes the di-
mension. Note that the thin-strip system (2.74) and (2.75) (setting G = 0), as
well as the thin-tube system (2.109) and (2.116) can be rewritten in terms of the
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saturation as

o 2 S; o 1$ g
pin — (V(1)) (/0 (A(g))2K(7(a))d +/S (A(a))QK('y(ff))d )ats

(d—1)cos (0(32%)) 5}5))
) .

~6((8) +RU =) = 5515

However, this reformulations is less practical, since the function «(.5), and thus all
functions in (2.119), typically are not closed-form expressions.

Using (2.45), the intrinsically averaged pressure of fluid I in the thin strip is

(p1); = ﬁ /0% w() (pin - Q/Oxl u)(f)lK(g)df) day,

which can be rewritten after integration by parts as

- q 71 V(m) .
<pI>I _pI’:nl:’n + V(’yl) /0 U/(l'l)K(ml)d a

Analogously, (2.47) yields the intrinsically averaged pressure of fluid II to be

B Mgq PV(1) = V(1)
<p11>11 = pH‘au:’Yl - V(l) _ V(’Y1) /71 w(xl)K(xl) dx.

Using the interface condition (2.74), the difference of the intrinsically averaged
pressures, in the following called phase-pressure difference, is given for the thin
strip by

= e =S
1 mooP(E) M L) - V(e
a5 |, won@ s v I, o ). @120

In the same way, using (2.106), (2.108), and (2.116), one obtains the phase-
pressure difference in the thin tube

_2e0n(00000) , ([ V) 4, g [ YDV
<pI>I - <p]1>11 - §UJ(’)/1) +G ( 0 V(’Yl)di + R/Yl V(l) — V(Vl)d£>

Sy — MoV -V
“1(ver /) srr@ s vy ven L, s ) @12

Using (2.118) and (2.119), the phase-pressure difference (2.120) in the thin strip
and (2.121) in the thin tube can be expressed in the form

(pr)1 — (Pm)m = Pejoc(S, 0S) + pa(S) + 7(5)0, S, (2.122)
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where pg = 0 for the thin strip, as gravity has been neglected. The first righthand
term denotes the local capillary pressure p.joc := (p1 — pu)|s,=, given for both
geometries (d = 2,3) by

(d — 1) cos (F(V(1)(A(S)) ')

pc,loc(S» atS) = C—a,R(S)

(2.123)

The second righthand term in (2.122) is the hydrostatic pressure of the fluids in
the thin-tube model given by

R 1—0
S d
pe(S) = (/A 1—SSA()>
The last righthand term in (2.122) can be interpreted as a dynamic capillarity due
to the viscous drag. In particular, its coefficient is for both geometries

(1[5 o 1 —0
T(8) = V(1)) (S/o (A(0)2K (v (o) Tz S/ (0))d0> ’
(2.124)

which depends on the slip length )\, the viscosity ratio M and the wall function w.
Note that under quasi-static conditions, when ¢ < 1, we have p;, ~ (pr)1 — (pn)n =
De,loc, SUch that the measurement of the inlet pressure yields the (static) capil-
lary pressure-saturation relation. However, under the dynamic conditions studied
here, these quantities can considerably differ. This one must be aware of when
performing experiments.

The local capillary pressure p, |oc depends reciprocally on the effective capillary
number Ca and on the local width R(S) of the thin strip or tube. In case of a
dynamic contact-angle model of the form cos(f(u)) = cos(f;) +nCau, the linearized
molecular kinetic theory in [41,42], (2.123) yields

(d— 1) cos(6s) (d—1)V(1)

MKT _
Pejioc(S, 0S) = GR(S) +77A(S)R(S)8ts' (2.125)

The static and dynamic effects are decoupled in this case. The first term models the
static (local) capillary pressure, while the second term is a dynamic contribution.

In case of a constant contact angle § = 6, € (0,7), (2.123) yields the local
capillary pressure

cons _ (d - 1) COS(HS)
pc,loct(S) = W

Let I(t fr ds be the length of the circular interface I'x(¢) in the thin strip at
time t and Iet a fr ) 2msds be the surface of the spherical interface in the
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thin tube. Then, the local capillary pressure becomes

3

const(l) _ 2 Os

pc,loc

_ 2cos(fs)/2m(1 — |cos(6s)])
Cava ’

respectively. Observe that [(¢) and a(t) can be assimilated to the interfacial area
concept considered in [154, 155]. Note that for a dynamic contact angle, there is
no simple closed-form expression of the local capillary pressure as a function of
the interface length/area (nor of its derivatives).

t
= Peioe (@)

2.7. Numerical experiments

To illustrate the theoretical findings, we depict several numerical examples for the
two-dimensional thin strip in this section. The case of three-dimensional thin tubes
will be considered in detail for the process of capillary rise in Chapter 3. Here, we
start with a thin strip of constant width, and afterwards consider a constricted “pore
throat” with varying width. After a short discussion of the boundary conditions, we
consider the resulting effective quantities. In particular, we study the effect of
the slip length and the viscosity ratio and discuss the effect of a dynamic and
a hysteretic contact-angle model for both geometries. Additional examples with
combinations of these effects are illustrated in Appendix A.

We have implemented the numerical solutions using MATLAB® R2020a [303].
The source code is openly available under the CC-BY license in a GitHub repository
at https://github.com/s-lunowa/AsymptoticThinStripMCLSolver [215].

2.7.1. Thin strip of constant width

First we consider a simple case, which is a thin strip of constant width w® = 1,
and study the velocity and pressure distribution of the two phases as well as the
movement of the interface. After a short discussion of the effect of different inlet
boundary conditions, we will consider the effect of different parameter choices in
the following subsections — the slip length in Section 2.7.1, the viscosity ratio in
Section 2.7.1, and dynamic and hysteretic contact-angle models in Section 2.7.1,
respectively. Except for the varying parameter mentioned in each subsection, all
the other ones are fixed, as given in Table 2.2. In particular, the contact-angle
model considered when discussing the other parameters is constant, i.e., the con-
tact angle is static and fluid I is non-wetting.
For this geometry, the solution given in (2.44)-(2.47) for the bulk domains is

2
3q(t L2y 3z
wit) = (TN ) =m0 -7 fory <)

(2.126)


https://github.com/s-lunowa/AsymptoticThinStripMCLSolver
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Parameter Value
Capillary number Ca 1/2
Contact angle 0 /3
Slip length A 1/6
Viscosity ratio M 1
Initial interface position 71 |i—o 0
Inlet pressure Din 3

Table 2.2.: Standard parameters for the thin strip of constant width.

Figure 2.4: Velocity profile in the thin strip
with constant width (A = 1/6).

3q(t) E2A-2 M(1 —
M55 ) |t = g(n ML)

i Sl for 21 > 71 (1).
. , TR raoy > yi(t)

(2.127)

This means that the velocity profiles are of Hagen-Poiseuille type, see also Fig. 2.4.
The pressures decrease linearly inside the bulk phases due to the viscous forces.
Furthermore, the interface system (2.74) and (2.75) simplifies into

371 (t) +3M(A — 1 (t)) _ cos(f(q(t)))

pin(t) —q(t) Y - om(t) =qt). (2.128)

The actual size of the quantities and the movement of the interface depends on
the inlet boundary conditions, on the effective capillary number, on the slip length,
on the viscosity ratio and on the contact-angle model. Here, we shortly discuss the
qualitatively different cases with respect to the inlet boundary conditions and the
viscosity ratio, when all other parameters are given by Table 2.2 for simplicity.

(a) When the inlet velocity is fixed, e.g. uj,1 = 4/3 — 23, one obtains ¢(t) = 1 and
thus the constant (in time) velocities u, 1 = 4/3 — 23 for a € {I,1I}, so that
the interface moves linearly, 1 (t) = t. The pressures are then given by

pi(t,x) =1+ 2M + 2(1 — M)t — 2z, pu(t, ) = 2M(1 — z1).

For M # 1, the pressure of fluid I is time-dependent, see also Fig. 2.5, while
both pressures are constant in time for M = 1.

(b) When the inlet pressure is fixed, e.g. pin, = 3, the flow of both fluids is time-
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(@) Constant inlet velocity (b) Constant inlet pressure

Pressure Pressure

Figure 2.5.: Pressure distribution over length z; at various times in the thin strip
of constant width for viscosity ratio M = 0.5. The solution depends on
the inlet boundary condition and shows a more dynamic behavior in
case (b) than in case (a).

dependent. For a viscosity ratio M < 1, one obtains the solution

mita) =3 LMWy gy 2L 20,
M? +2(1 - Myt M? +2(1 — M)t
taato) = LG ) S At
M2 +2(1 — M)t

for o € {I, 1T}, see Fig. 2.5. Analogous behavior can be observed when M > 1.
Only for M = 1, both pressures are constant in time, like in (a).

From these examples, we observe a more dynamic behavior when the inlet pres-
sure is given, which corresponds also to the typical setting for capillary pressure
experiments. Thus, we restrict the following discussion to the case of given pres-
sure boundary condition at the inlet.

Due to the constant width, the effective quantities have rather simple algebraic
expressions. The saturation S coincides with the interface position, i.e., S = ;.
The local permeability is constant and given by

— % + A (2.129)

The local capillary pressure, the dynamic coefficient and the phase-pressure differ-
ence are

Peloc(S, 0¢S) = %{fﬁs) (2.130)
(8) = 32 EMA=9) (2.131)

246X
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Din + P SvaS
(o) — (py = Pt Pelocl 5 05)

(2.132)

As direct consequence of the constant contact angle in Table 2.2, we obtain
a constant local capillary pressure p.joc = 1 by (2.130) and a constant phase-
pressure difference (pr); — (pn)y = 2 by (2.132). Changing the static contact angle
0 = 0, € (0, ) or the capillary number Ca influences the size of the local capillary
pressure and the size of the phase-pressure difference in a straightforward way,
while the behavior of the other quantities remains qualitatively the same. For sim-
plicity, we do not discuss their detailed effects. Note that p, joc and (pr); — (pu) do
not depend on the slip length nor on the viscosity ratio. Hence, we only consider
their behavior for dynamic and hysteretic contact-angle models. Meanwhile, the
dynamic coefficient depends on the slip length and the viscosity ratio, which is
relevant in case of a inlet velocity condition.

Effect of the slip length

First, we consider the effect of the slip length A while using all other parameters
as above. The velocity at the wall is given by

3
w=1" 171 3)

U | for o € {I,I}.

It is zero for A = 0, increases for an increasing slip length, and approaches ¢ for
A — 00, which corresponds to a total slip, see Fig. 2.6. This is a result of the
decreased friction of the fluid at the wall for an increased slip length. Additionally,
this leads to a smaller dynamic coefficient 7, cf. (2.131) and Fig. 2.6. For constant
inlet pressure, the decrease of the pressure gradients in (2.126) and (2.127) for an
increased slip length \ are compensated by a larger total flux ¢, and thus a faster
movement of the interface position 7;, see also Fig. 2.6. The local permeability K
shows a similar behavior. Observe that since w = 1, it only depends on the slip
length. As follows from (2.129) (see also Fig. 2.3), it increases linearly with \.

Effect of the viscosity ratio

Next, we continue the investigation for various viscosity ratios M. Since the viscous
force in fluid II is proportional to the viscosity ratio M, the total flux ¢ decreases
when the viscosity ratio M increases, cf. (2.128). In particular, the interface posi-
tion v, moves faster when the thin strip is mainly filled by the less viscous fluid.
Furthermore, we observe that the solutions converge for M — 0 towards solution of
the simplified, unsaturated flow model as discussed in Section 2.4.3, see Fig. 2.7.
Note that we use v1|;—0 = 1073 when M = 0 to avoid the degeneration of the
interface system (2.128).

The dynamic coefficient 7 becomes larger for small saturations S, if the viscosity
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Figure 2.6.: For an increasing slip length ), the velocity ratio ure| = ua,1]zs=1/¢
at the wall increases (left), while the dynamic parameter  decreases
(center). The interface position ; moves faster for an increasing slip
length X (right).
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Figure 2.7.: For increasing viscosity ratio M, the dynamic parameter 7 increases
(left), while the interface position v; moves slower (right).

ratio is large (M > 1), and vice versa for M < 1, see (2.131) and Fig. 2.7. Note
that one can observe even in this extremely simplified setting that the dynamic
coefficient is saturation dependent, except for fluids with the same viscosity (M =
1). Additionally, the dynamic coefficient is monotonic in the saturation S for any

viscosity ratio.

Effect of a dynamic contact angle

Now, we consider the effect of a dynamic contact-angle model. As we expect the
similar qualitative behavior for different dynamic contact-angle models, we restrict
the discussion to the model

6(u) = arccos (max ( min(cos(,) + nCau, 1), —1)),

(2.133)

which is the linearized molecular kinetic theory model (for small velocities) from
[41,42,43,79,269,270] restricted to the possible range [0, 7]. Here, the parameter
n > 0 models the effective friction at the contact point leading to a dynamic contact
angle. For comparability, we fix the static contact angle §; = 7/3 and all the other
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Figure 2.8.: The local capillary pressure p. oc increases for increasing dynamic con-
tact angle coefficient n (left). Hence, the movement of the interface
position v; slows down (right).

parameters as in Table 2.2. Note that for any n > 0, the differential algebraic
system (2.128) has a unique solution, since the problem can be rewritten as a
separable differential equation.

In contrast to the previous examples, the dynamic contact-angle model does not
affect the dynamic coefficient 7, but has an impact on the local capillary pressure
Peloc @nd the phase-pressure difference (pr); — (pm)y. Recall that the local capillary
pressure is given in this case by (2.125). In particular, its dynamic part is pro-
portional to the parameter 7. Hence, the interface position v; moves slower when
the parameter 7 increases, see Fig. 2.8. Note that the total flux ¢ is constant, so
that v, is linear in time. Since M = 1, the local capillary pressure and the phase-
pressure difference are constant over S, so that we only show the dependence on
n in Fig. 2.8.

Effect of a hysteretic contact angle

Finally, we consider the effect of a hysteretic contact-angle model and compare
it to the static and dynamic ones. As before we use the dynamic contact-angle
model (2.133) with static contact angle 8; = 7/3. For the hysteretic contact-angle
model, the advancing and receding contact angles (with respect to fluid I) are
chosen 0, = w/4 and 6, = 57/12, respectively. Together with the same dynamic
contact-angle model away from u = 0, this yields

7@—;%&) if a < cos(6,),
a—cos (0, .

((a) = % if a > cos(6,), (2.134)
0 otherwise.

Recall that ( is the inverse of cos . We consider a drainage and imbibition cycle by
choosing the time-dependent inlet pressure p;,(t) = 3—t, and stop the simulations
when the interface position returns to the inlet. The other parameters are taken
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Figure 2.9.: The total flux q (top-left) is linear for the static and dynamic contact-
angle model, while being zero for some time for the hysteretic model.
The interface position v; moves accordingly (top-right). In case of
the hysteretic model, it is at rest, when the local capillary pressure
De,loc (bottom-left) lies in between the (static) capillary pressures for
drainage and imbibition, i.e., p.oc is multi-valued at the maximal
reached saturation. For the dynamic models, p. oc at the maximal sat-
uration is exactly the static capillary pressure. The phase-pressure
difference (p1); — (pm)y (bottom-right) shows the same qualitative be-
havior.

from Table 2.2.

As in the dynamic case, we observe that the movement of the interface posi-
tion v, is slower when the parameter 7 is increased, see Fig. 2.9 (top). While the
total flux ¢ is linear for the static and dynamic contact-angle model, so that v,
is quadratic in time, the hysteretic model leads to a constant interface position
when 6, < 6 < 0,. Therefore, the local capillary pressure p.oc and the phase-
pressure difference (pr); — (pu) at the maximal reached saturation is multi-valued
taking all values between the (static) drainage and imbibition capillary pressures,
see Fig. 2.9 (bottom). On the other hand, for the dynamic contact-angle model,
Peloc @and (pr); — (pm)y at the maximal saturation are given by the static capillary
pressure, since 9;S = 0. Furthermore, the hysteresis leads to higher deviations
from the static capillary pressure and thus a smaller maximal saturation. Finally,
note that p;, is linear and reaches pgf’lgit at ¢t = 2 such that all curves with the dy-
namic contact-angle model are symmetric. Since 6, and 6, have the same distance
from 6, the same holds in the hysteretic cases.
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Parameter

Value
Capillary number Ca 1/2
Contact angle 0 /3
Slip length A 1/6
Viscosity ratio M 1
Initial interface position 71 |i—o 0
Inlet pressure Din 12

Table 2.3.: Standard parameters for the thin strip of varying width.
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Figure 2.10.: Velocity profile in the thin strip of varying width (A = 1/6).

2.7.2. Constricted “pore throat”

Next, we consider a strip with varying width

2 1
w(xy) = 3 + 3 cos(2mxy),

which represents a constricted “pore throat”. As before, we shortly discuss the
velocity and pressure distribution of the two phases as well as the movement of
the interface, before proceeding with the detailed discussion of the effect of the slip
length, of the viscosity ratio and of a dynamic and a hysteretic contact-angle model,
varying each individually, while fixing all other parameters as given in Table 2.3.
Note that we choose a static contact angle such that fluid I is non-wetting.

While the overall trend is similar to the previous case with constant width, we
additionally observe here a strong impact of the geometry on the flow behavior
and thus on the effective quantities. In contrast to the constant-width case, the
local capillary pressure p. joc NOW depends on the saturation due to the constriction,

see Fig. 2.12. Analogously, the phase-pressure difference (pr); — (pm)y varies in the
saturation.
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Figure 2.11.: Pressure distribution over length x, at various times (left) for fixed
inlet velocity ui,1 = 4/3 — 2% and interface position ~; over time
t (right) for fixed inlet velocity wi,1 = 4/3 — 22 and fixed pressure
condition p;, = 12 for the thin strip of varying width.

The solution in the bulk domains (2.44)-(2.47) for this geometry then reads

(c(a)? + Be(ar) 16 — o3

c(x1) +2)2(2¢(z1) +7)

18(c(1) + 3)x3 — (c(z1) +2)(2(c(x1) +3)* + 1)ao
(c(z1) +2)3(2c(21) + 7)? ’

Ua,1(t, ) = 9q(t)

—~

Uq,2(t, &) = €18mq

—~

t)sin(27xy)

for a € {I, 1T}, where ¢(x;) := cos(2wzy), see also Fig. 2.10, while
3 9q(t) sin(2may)
cm@®)+2 mlc(x) +2)
N 24q(t)(rH(0.5 — 1) — arctan (é tan(mz1)))
/5 ’

pi(t,x) =

for r1 < ’}/1(t), and

9q(t) sin(2mxy) N 24q(t)(mH(0.5 — z1) — arctan (@ tan(mz1)))
m(c(x1) +2) /5 ’

for 1 > ~1(t), where H denotes the Heaviside graph, see also Fig. 2.11. The first
velocity component is higher where the width is reduced, while the second compo-
nent adjusts to the changes in width to maintain the incompressibility, see Fig. 2.10.
Note that the second velocity component is of order £ due to the different scaling.
Accordingly, the pressure gradients depend on the local width and are steeper
around the constriction in the middle. This leads to the s-shaped pressure profiles
instead of the linear ones in the constant-width case.

pu(t, ) =

For fixed inlet velocity ui,1 = 4/3 — 23, i.e., for ¢ = 1, the pressure solutions at
several times are depicted in Fig. 2.11 together with the evolution of the interface
position 71 (t), which is given implicitly by ¢ = 2v,(t)/3 + sin(27y,(¢t))/(67). Note
that the interface position v; moves faster in the vicinity of the constriction, since
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Figure 2.12.: The local capillarity pressure p. oc (left) and the dynamic coefficient
T (right) increase for saturations below S = 0.5, and decreases there-
after. This results from the symmetric constriction of the thin strip.

the average velocity uw = ¢/w is higher around the constriction, cf. Fig. 2.10. Fur-
thermore, the movement is very similar to the one obtained with constant inlet
pressure p;, = 12. Hence, we restrict the following discussion to this inlet pressure
condition. Note that this larger inlet pressure is necessary to obtain a similar total
flux as in the constant-width case, since the width is reduced.

For this geometry, we still can derive relations for the effective quantities ob-
tained in Section 2.6.2. We obtain for the saturation

1 3
S =1+ —sin(277y1), oS = =q.
47 2

Since this function S(v1) has no analytical inverse, there is no closed-form expres-
sion for the local capillary pressure p. joc (2.123) nor for the dynamic coefficient 7
(2.124). Their numeric approximations are depicted in Fig. 2.12. Both have a peak
at S = 0.5, where the interface passes the position z; = 0.5 with the smallest width.
For the local capillary pressure this results from the reciprocal dependence on the
local width, while the dynamic coefficient is symmetric due to the symmetric wall
and the viscosity ratio M = 1. Note that the dynamic effects are much stronger
than in the constant-width setting due to the reduced width, which requires larger
pressure gradients to maintain the flow. Hence, we conclude that the wall shape
has a significant impact, especially on the dynamic effects.

Effect of the slip length

We begin the investigation for various slip lengths \. As in the previous, constant-
width case, the movement of the interface position ; is faster when the slip length
is increased, see Fig. 2.13. However, the total flux ¢ is drastically reduced while
the interface passes through the constriction due to the higher capillary pressure,
cf. Fig. 2.13.

The dynamic coefficient 7 is lower when the slip length increases, as shown
in Fig. 2.14. In contrast to the constant-width case, it is non-monotonic in the
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Figure 2.13.: The total flux ¢ is drastically reduced while the interface passes
through the constriction due to the larger capillary pressure (left).
It increases when the slip length X is increased, so that the move-
ment of the interface position v; is faster (right).
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Figure 2.14.: The dynamic coefficient 7 decreases for increasing slip length X (left).
It is non-monotonic in the saturation. The resulting phase-pressure
difference (pr); — (pu)y is also non-monotonic, but almost the same
for all slip lengths (right).

saturation, and maximal around S = 0.5, i.e., when the interface passes through
the constriction around xz; = 0.5. Note that the combination of higher velocity
with lower dynamic coefficient leads to almost no changes in the phase-pressure
difference (pr); — (pm)y for all slip lengths, see Fig. 2.14.

Effect of the viscosity ratio

Next, we consider the effect of the viscosity ratio M. As in the previous, constant-
wall case, the total flux ¢ is smaller when the viscosity ratio M increases, see also
Fig. 2.15. Especially at early times ¢, one can observe large total fluxes ¢, when the
viscosity ratio is very small (M < 0.1), since the strip is filled with the extremely
mobile fluid II. On the other hand, the total flux is reduced while the interface
passes through the constriction, but this effect is very small compared to the effect
of viscosity for M < 1. As before, the solutions converge for M — 0 towards the
simplified, unsaturated flow model as discussed in Section 2.4.3, see Fig. 2.15.



2.7. NUMERICAL EXPERIMENTS 69

q 71
3 Wl .......... M= 1+ s e .

I| - =--M=0.1 ,//// /,/
5 Li --=-M=0.5 X /7

i —M=1 EA ;

f 0.5 F! /

R —_—— =2 . 4
1 ,——d{-—;——— ________ i II //

-7 ! /,’
_____________________ '.,/ L
‘ b ‘ t
0.5 1 0.5 1

Figure 2.15.: The total flux g is high when the thin strip is mainly filled with the less
viscous fluid (left). It is smaller while the interface passes through
the constriction. When the viscosity ratio M is increased, the interface
position v; moves generally slower (right).
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Figure 2.16.: The dynamic parameter 7 increases for increasing viscosity ratio M
(left). It is non-monotonic in the saturation. The resulting phase-
pressure difference (pr); — (pu)y is also non-monotonic, but almost
the same for all moderate viscosity ratios (right).

Note that we use 71‘t:0 = 1073 when M = 0 to avoid the degeneration of the
interface system (2.74) and (2.75).

The dynamic coefficient 7 becomes larger for small saturations S, if the viscos-
ity ratio is larger (M > 1), and vice versa for M < 1, as shown in Fig. 2.16. The
rapid change close to S = 0.5 is due to the strong influence of the region around
z1 = 0.5, where the thin strip has its minimal width. Note that for small viscos-
ity ratio M < 0.1 and saturation below 0.4, the dynamic coefficient is almost zero.
Furthermore, we observe here non-monotonic behavior of the dynamic coefficient
T for every viscosity ratio, while it is monotonic in the constant-width case. This
is due to the interplay between the constricted geometry and the nonlinear dy-
namic effect (2.124). Finally, note that the combination of higher velocity with
lower dynamic coefficient leads to almost no changes in the phase-pressure differ-
ence (pr); — (pm)y for all moderate viscosity ratios, see Fig. 2.16. Only for a very
small viscosity ratio M < 0.1, the phase-pressure difference is slightly lower for
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Figure 2.17.: The total flux q decreases for higher values of 7, since the (dynamic)
local capillary pressure increases (left). Accordingly, the interface po-
sition v; moves slower (right). Due to the constriction, the effect is
maximal for v; = 0.5.

Figure 2.18.: The local capillary pressure p.oc (left) and the phase-pressure dif-
ference (pr); — (pm)y (right) increase for increasing dynamic contact
angle coefficient n. They attain their maximum at S = 0.5, when the
interface passes the minimal width.

saturations between 0 and 0.5.

Effect of a dynamic contact angle

We consider the effect of a dynamic contact-angle model. As for the constant-
width case, we use (2.133) with 5 = /3. The total flux ¢ is smaller when 7 is
increased, see Fig. 2.17. This effect is amplified while the interface passes through
the constriction.

Although the total flux is smaller, the local capillary pressure p. joc and the phase-
pressure difference (pr); — (pm)y increase for increasing 7, see Fig. 2.18. The max-
imum is attained at S = 0.5, when the interface passes the minimal width. There,
the dynamic effect is also the highest. Note that the curves forn =0.75and n=1
partly coincide because the dynamic contact angle reaches 7 in both cases. In a
laboratory experiment, this could lead to instabilities and the formation of bubbles
or a thin residual film. However, such behavior is beyond the scope of the model
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Figure 2.19.: The total flux q (top-left) decreases faster when the interface passes
through the constriction. In case of the hysteretic contact-angle
model, the interface position v, (top-right) stops in the constriction
when the local capillary pressure p. |oc (bottom-left) lies in between
the (static) capillary pressures for drainage and imbibition, whereas
De,loc @t the maximal saturation is exactly the static capillary pressure
for the dynamic models. The phase-pressure difference <p1>1 - (pu>11
(bottom-right) shows the same qualitative behavior.

presented here.

Effect of a hysteretic contact angle

Finally, we consider the effect of a hysteretic contact-angle model and compare it
to the static and dynamic ones. As in the constant-width case, we use the dynamic
contact-angle model (2.133) with 6§, = 7/3 and the hysteretic contact-angle model
(2.134) with 6, = /4 and 0, = 57/12. We consider a drainage and imbibition
cycle by choosing the time-dependent inlet pressure p;,(t) = 9 — 4¢, and stop the
simulations when the interface position returns to the inlet. The other parameters
are taken from Table 2.3.

As before, the total flux ¢ decreases faster, when the interface passes through
the constriction, see Fig. 2.19 (top). Note that the higher capillary pressure when
passing the constriction counteracts the drainage, while it increases the imbibition
speed. This results in a more negative velocity. In case of the hysteretic contact-
angle model, the interface position +; stops in the constriction, while the pressure
lies in between the (static) capillary pressures for drainage and imbibition, so that
the local capillary pressure p.oc and the phase-pressure difference (pr); — (pu)y
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are multi-valued at the maximal saturation. In contrast, the dynamic model yields
a direct switching between drainage and imbibition, when p. |oc is exactly the static
capillary pressure (at the maximal saturation), see Fig. 2.19 (bottom). Hence, hys-
teresis also leads to higher deviations from the static capillary pressure and thus
a smaller maximal saturation.

2.8. Conclusion

We have formally derived the asymptotic solution for the flow of two immiscible
fluids in a two-dimensional thin strip and a three-dimensional thin tube of varying
width, where the fluid-fluid interface is treated as a free boundary. The obtained
effective models form a system of differential algebraic equations for the interface
position and the total flux, and are applicable to a wide range of viscosity ratios M,
of slip lengths )\, as well as contact angle models. The resulting effective relations
are a Darcy-type equation for the local flow, and a capillary pressure - saturation
relationship involving dynamic effects.

We have discussed the effects of a varying pore width, of the viscosity ratio,
of the slip length as well as of having a dynamic and a hysteretic contact-angle
law through numerical experiments. In particular, the results for a varying pore
width show that the geometry has a large influence on the effective quantities and
their behavior. While dynamic effects occur even for a static contact-angle model,
hysteresis in the capillary pressure is only present when a hysteretic contact-angle
model is used.

The presented models and effective relations can be generalized to asymmetric
domains with heterogeneities in the contact angle. Furthermore, rough walls of
type wi(ry) = w(xy)+ew'(z1/e)+O(e) would strongly affect the shape and position
of the interface. This needs to be investigated in the future. Additionally, it remains
to validate the effective models by a direct comparison with numerical simulations
of the full model or with experiments in single pores. The latter will be presented in
the following chapter for the capillary rise of fluids in circular tubes. Furthermore,
the effective models can be used in pore-network models or for upscaling in a
bundle-of-tubes model.



Chapter

Dynamic effects during the capillary
rise of fluids in cylindrical tubes

This chapter is based on the following publication [218]:

e S. B. Lunowa, A. Mascini, C. Bringedal, T. Bultreys, V. Cnudde, I. S. Pop, Dy-
namic effects during the capillary rise of fluids in cylindrical tubes, Langmuir
38 (2022), pp. 1680-1688. doi.org/10.1021/acs.langmuir.1c02680
Copyright © 2022, American Chemical Society. Reprinted with permission.
Available at pubs.acs.org/articlesonrequest/AOR-G5CA7SBN7FQCRKTI7ISQ

The numerical examples were obtained using the following software [216]:

e S. B. Lunowa, Software for Fitting the Upscaled and Extended Model of Capil-
lary Rise to Experimental Data, GitHub repository (2021).
github.com/s-lunowa/dynamic-capillary-rise

3.1. Introduction

One hundred years ago, the classical works of Lucas [213], Washburn [322], Rideal
[272], and Bosanquet [47] laid the foundation for the description of the capillary-
driven flow of fluids in porous structures. Since then, this field of research has
gained attention because of its various applications, ranging from water transport
in soil and plants, over printing with ink, to oil recovery and CO, sequestration.
To understand the flow processes in a porous medium, knowledge about the fluid
dynamics within its fundamental structures, the single pores, is needed. In these,
the surface tension leads to capillary-driven flow. An overview on the topic can be
found in the recent review [64].

The model of Lucas and Washburn describes the balance between capillary and
hydrostatic pressure, leading to viscous flow until equilibrium at the so-called
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Jurin’s height is reached. In [109], a formulation for the solution of the Lucas-
Washburn equation was derived that remains valid also at late times. The resulting
flow close to the fluid-air interface was studied in detail in [206], assuming a spher-
ical meniscus and low Reynolds numbers. Although these basic mechanisms are
well-understood, the complex wetting effects lead to a dynamic evolution of the
interface, in particular of both its shape and position. An important feature is the
contact angle formed between the fluid-air interface and the pore wall. In the afore-
mentioned works, this contact angle is assumed constant. However, experimental
results invalidate this assumption, in particular at early times [160, 326]. This is
discussed in [223,224] based on molecular dynamics simulations and the molec-
ular kinetics theory. This theory was also used in [150] to discuss the effect of a
dynamic contact angle as a source of interface retardation and viscous dissipation.
In [77,256] several dynamic contact-angle models are compared when applied to
the Lucas-Washburn equation.

Furthermore, inertial effects are relevant for early times of capillary rise, as dis-
cussed in detail in [260], and for low viscous fluids they can even lead to (damped)
oscillations around Jurin’s height at late times. Additionally, the end effect at the
reservoir (sink flow) was considered for parallel plates and tubes in [325], and a
double Dirichlet series representation of the solution was derived. An overview of
the different regimes was given in [110,330]. However, all these models are based
on the assumption of a static contact angle.

To incorporate and quantify the influence of the different effects of the dynamic
contact angle and of inertia, one should start with a derivation based on the funda-
mental description within the tube. Considering this detailed pore-scale model, and
under suitable assumptions on the non-dimensional parameters like the Reynolds
and capillary number, one can employ asymptotic expansion techniques to derive
an effective, so-called upscaled model for the relevant quantities like flux, pres-
sure, and rise height. The result is an upscaled model that describes the effective
behavior of the relevant physical quantities, which can be validated using exper-
imental data. Thereby, the dynamics of the capillary rise including the detailed
evolution of the contact angle becomes predictable. Furthermore, the application
of these extended models helps to reduce the observed discrepancy [160] between
the experiments and the classical Lucas—Washburn model.

In this chapter, the upscaling of the capillary-driven flow in cylindrical tubes is
discussed first. The result is an upscaled model, which is a nonlinear first-order
differential equation of the Lucas-Washburn type. This is solved analytically to
obtain directly usable solutions. While capillary-rise models with dynamic contact
angle have been described in the literature, to the best of the authors’ knowledge,
this work is the first to derive such a model rigorously by upscaling. The upscaled
model is then extended to incorporate inertial effects. To validate the theory, the
solutions to the upscaled and to the extended model are compared to the experi-
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tube wall and the fluid-air interface at
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mental results reported in [160]. This includes the simultaneous comparison to the
provided height and contact-angle data for different fluids and several radii, which
has not been presented before. Finally, the results of the comparison including un-
certainties and limitations are discussed. Additional details of the comparison are
presented in Appendix B.

3.2. Mathematical models

First, the upscaled model for the capillary-driven flow in a cylindrical tube and
its analytical solution are discussed. This is based on the detailed derivation in
Section 2.5. In particular, the model includes a dynamic contact angle and slip.
Subsequently, the upscaled model is extended to incorporate inertial effects.

3.2.1. Upscaled model and analytic solution

The flow of a fluid in a thin, vertical tube, driven by the surface tension at the fluid-
air interface, can be modeled by the Navier-Stokes equations defined in a time-
dependent domain, where the fluid-air interface is a free boundary, see Fig. 3.1.
Under the assumptions given in Section 2.5, in particular assuming a moderate
Reynolds number, one can derive the solution by a matched asymptotic expansion
for the limit of a vanishing radius-to-length ratio ¢ = R/L < 1 (R being the
tube radius and L Jurin’s height). The result is Hagen-Poiseuille flow driven by
the difference between the surface tension and the hydrostatic pressure. In the
dimensionless form, the evolution of the fluid rise height A is then governed by
(2.109) and (2.116). In the context considered here, there holds (approximately)

h ="., w =1, M =0, R=0,
so that (2.109) and (2.116) simplify into

dh
8h dh__ZCos(it% f)) (3.1)

Pin =80 = 7N @ Ca
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Here py, is the pressure at the inlet (bottom, see Fig. 3.1), A denotes the slip length
at the tube wall, G and Ca are the effective gravitational and capillary number. Note
that the dynamic contact angle 6 is measured in the fluid (thus the change in sign
compared to (2.116)). Furthermore, it may depend on the velocity of the interface.
Furthermore, (3.1) resembles the relation derived by Washburn [322], based on
macroscopic arguments. However, Washburn discussed only the case of a static
contact angle, whereas here a dynamic contact-angle model is incorporated.

In the context of capillary rise experiments, the pressure at the inlet is approx-
imately atmospheric, i.e., pin, = 0. The typical length scale is given by the equi-
librium or Jurin’s height L = 20 cos(6,)/(pgR), attained as ¢ — oo, and which is
depending on the fluid-air surface tension o, the static contact angle 6, the den-
sity p of the fluid, the gravitational acceleration g = 9.81 m/s?, and the tube radius
R. The characteristic (viscous) velocity scale is U = pgR?/u. These characteristic
scales yield (cf. Table 2.1)

e = pgR?/(20 cos(0s)), Re = 2poRcos(0,)/u?, G=1, Ca=2cos(f,).

Therefore, (3.1) becomes

8h dh  cos (0(%F)) o

t
= — .2
1+4Xdt cos(ds) (3:2)

for all t > 0. Clearly, the solution h = h(t) depends on the contact-angle model.
However, the specific choice of this model is uncertain without much reference data,
because the differences resulting after fitting the different models are typically
very small [42,256]. For simplicity, a linear model in the velocity is considered
here, which was also used frequently as a simplification of the molecular kinetics
theory [42,150,151,223,224,256,266], valid at low velocities. Specifically,

cos(f(v)) = cos(f5) — nCav,

where the dynamic parameter n > 0 denotes the strength of the linear response
due to the interface velocity v = %. Note that this model arises naturally for

all possible contact-angle models after linearization using the relation cos(6(v)) ~
cos(0(0)) — sin(é(()))%(())v and therefore is generic. Other models could be used
as well; however, the advantage of the linear model is that the resulting equation
can be solved analytically, as discussed in the following. With this contact-angle

model, the rise model (3.2) becomes

8h dh
LR ) e R A .
(1+4/\+ ’7) dt ’ (3-3)
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Figure 3.2.: The height of the capillary rise given by (3.5) increases faster for
higher slip length A\. The dynamic parameter 5 retards the rise and
determines the initial velocity at time ¢ = 0.

for all t > 0. A natural initial condition is
h(0) = 0. (3.4)

Observe that, because h = 1 is an equilibrium solution to (3.3), the solution to
the initial value problem (3.3)-(3.4) remains below 1 for all times ¢t. Moreover, h
is increasing. By separation of variables, the solution to (3.3)-(3.4) is obtained in
implicit form

4h(t) B (L+4M)t
(1 —h(t))exp ((1‘*‘4)\)77‘*‘4> = exp <_2(1+4/\)77+8> . (3.5)

Because h is monotone, using (3.5) one can express t as a function of h, namely

_8h 20 +4Nn+8
1442 144

t=1t(h) = In(1 — h).

At early times, this yields
t ~ 2nh + (n—l—ﬁ)h%

If n = 0, this resembles the classical Lucas-Washburn equation. If > 0, the first
term implies a linear time-height relation at early times, when h <« 1, and therefore,
quadratic terms can be neglected. Figure 3.2 illustrates possible solutions. The
dynamic parameter n determines the velocity of the rise in the beginning, because
(3.3) yields %(O) = i In particular, it is singular if n = 0, because inertial terms
and the movement of the air are neglected. On the other hand, the influence of
the slip length X\ on the velocity increases with increasing height h. Furthermore,
for n > 0, this yields an initial contact angle § = 90° at time ¢ = 0.
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3.2.2. Extended model including inertial effects

The upscaled model described above requires the Reynolds number to be small. In
case of a low viscosity, or when the tube radius increases, the Reynolds number
becomes large, so that one cannot neglect inertial effects. In that situation, the up-
scaling procedure does not yield a closed expression for the height of the capillary
rise, as the system remains fully coupled. Instead, an empirical extension of the up-
scaled model is used, based on macroscopic considerations [47,110,150,266,330].
In these references, the balance between hydrostatic, inertial and capillary forces
was considered assuming Hagen-Poiseuille flow and a spherical meniscus. In this
context, the resulting balance reads

74 <hdh>+< 8h +2n)dh1h (3.6)

dar \ ' dt 1+4) dt ’

where Z = e?Re = p?¢?R® /(2120 cos(0s)) is the inertial coefficient (cf. also (2.80)).
Note that the denominator (1 + 4X) accounts for slip, and the term 217% is due to
the linearized contact-angle model. Note that this extended model (3.6) is closely
related to the modified Lucas-Washburn equation discussed in [223,224]. However,
they considered a model that does not account for a slip length A.

With (3.4), this nonlinear second-order differential equation (3.6) becomes de-
generate. Furthermore, one needs to specify a second initial condition, similar to
the initial velocity. For this purpose, one can use an asymptotic analysis carried
out for t — 0 with ansatz h(t) = ct® + o(t*) [266,330]. Equating the leading order

terms yields h(t) ~ t/(n+ +/n*> +Z), and hence
dh 1

E‘ﬁo VP +T

(3.7)

To solve the initial value problem (3.4), (3.6), and (3.7) numerically, it is refor-
mulated as a system of nonlinear first-order differential equations in the variables
w:=h?and v := %”. Equation (3.6) then becomes

dw dv 2 4 n

— = —=Z(1-Vw- L .

AT at I( v <1+4A+\/a>”>
To avoid the singularity at w = 0, the initial conditions used here are w(0) = 10712
and v(0) = 2,/w(0)(/n2 + T — 1)/Z. Note that this choice does not significantly
affect the result as long as w(0) is sufficiently small. The implementation of the nu-
merical solver [216] is done in Python using the packages NumPy 1.21.0[152]and

SciPy 1.3.3 [320]. The chosen time integrator is an implicit multi-step variable-
order (1-5) BDF method.
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Fluid p [kg/m3] p[Pas] o [N/m] R [mm] 0, [deg]
Glycerol 1260 1.0111 0.06347  0.250, 0.500, 1.000 5.63
Soltrol 170 774 0.0026  0.02483 0.375, 0.500, 0.650 9.79
Water 997 0.0011 0.07280  0.375, 0.500, 0.650 9.99

Table 3.1.: Density p, viscosity u, surface tension o of the fluids, and the experi-
mental tube radii R reported in [160], and the static contact angle 6,
extracted from late-time data.

3.3. Comparison with experimental data

To validate the suggested models, the solutions are compared to the experimental
data reported by Heshmati and Piri [160], where the capillary rise of glycerol,
Soltrol 170, and water in vertical glass tubes with constant radii was investigated.
These results include both the rise height and the contact angle over time.

The comparison with experimental data is done in three steps. First, the reported
physical properties are used for the dimensionless scaling (see also Table 3.1).
Note that the scale ratio £ was below 0.1 in all cases. Second, the late-time data is
assumed to be near equilibrium, so that the static contact angle can be extracted
from it for each of the three fluids. Note that the resulting static angles (< 10°)
hardly influence the rise height (< 2%), but strongly affect the dynamic contact
angle. In the third step, the solutions of the suggested models are matched to
the experimental data by fitting the remaining parameters, namely, the dynamic
contact-angle parameter n and the slip length \. For this, for each fluid and each
radius separately, a non-linear least-squares fitting of the rise height (h-fit), of the
contact angle (0-fit), and of both at the same time (both-fit) is performed. Thereby,
one can compare the parameter values obtained for the different fits as well as for
the different radii to investigate the predictive abilities of the suggested models.
The implementation of the procedure [216] is done in Python using the packages
pandas 1.3.0 [268] and LMFIT 1.0.2 [240].

To illustrate the effect of the dynamic contact-angle model, the classical Lucas-
Washburn (LW) solution is also provided. It is obtained from (3.5) when taking
n =0 and XA = 0, using the dimensionless scaling and static contact angle found in
the first and second step for the comparison.

3.3.1. Glycerol

In the first set of measurements, glycerol was used as the rising fluid. Because
of the high viscosity, the inertial effects are negligible (Z < 1.5 -1073), so that
the solutions to the upscaled model (3.5) and to the extended one (3.6) coincide.
Therefore, only the results for the upscaled model are presented in Table 3.2. Note
that the simultaneous fitting of the parameters n and X results in dimensionless
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R h-fit 0-fit both-fit
[mm] n X2 n X2 n X2

0.25 0.402+0.010 0.059  0.525+0.008 0.647 0.519 £0.006 0.388
0.50  2.356 £0.066 0.327  2.1514+0.069 2.105 2.183+0.049 1.203
1.00  5.935£0.383 1.226 10.077£0.613 3.985 8.787+0.461 4.053

Table 3.2.: Best-fit parameter n (£ estimated standard deviation) and the reduced

residual x2 when fitting the upscaled model to the experimental data
of the height (h-fit), the contact angle (6-fit) and both (both-fit), for
the glycerol experiments.

slip lengths A < 1072, except for the both-fit at the radius 1.0 mm, which yields the
highly uncertain A = 0.026 + 0.109 (value + estimated standard deviation). Hence,
slip is negligible and ignored in the further discussion.

The comparison of the experimental data with the fitted upscaled model (3.3)
and the classical Lucas-Washburn model in Fig. 3.3 illustrates the relevance of the
dynamic contact angle. While both models match the late-time data when the static
contact angle is approached, only the upscaled model with dynamic contact angle
agrees with the early-time data. In particular, it matches reasonably both the rise
height and the contact angle for all three radii. Note that the three fit-types (h, 6,
both) yield different parameters, but the resulting solutions only differ on the scale
of the scatter in the experimental data (cf. Appendix B). Note that the increase in n
with increasing radius is expected, as the dimensional dynamic parameter should
be approximately constant. This effect is discussed below for all fluids.

3.3.2. Soltrol 170

In the second set of measurements, Soltrol 170 was used as the rising fluid. In
contrast to the previous case, the extended model differs from the upscaled one
(Z = 1.0, 4.2, 15.7), but for all radii the best-fit parameters coincide within 1.5
standard deviations (< 5% difference), while the residuals are rather lower (—40%
to +30% difference, avg. —6%). The minor differences are illustrated in Fig. 3.4,
and the results for both models are reported in Table 3.3. Note that the fit of the
dimensionless slip length yields A < 10~ in all cases, which is again negligible and
thus ignored.

For Soltrol, the fitted upscaled model (3.5) matches the experimental data almost
perfectly, while the classical Lucas-Washburn model predicts only the stationary
solution well (see Fig. 3.4). In particular, the upscaled model with dynamic contact
angle agrees with the data of both the rise height and the contact angle for all
three radii and at all times. For more details, see also Appendix B. The fit of the
extended model coincides with that of the upscaled model. Only at very early times
(until 0.05 s) does the extended model predict a slightly lower contact angle. These
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R = 0.25mm: xExperiment - Lucas-Washburn —— Upscaled Model (n = 0.52)
R = 0.50mm: xExperiment - Lucas-Washburn —— Upscaled Model (n = 2.18)
R =1.00mm: xExperiment ... Lucas-Washburn —— Upscaled Model (n = 8.79)
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Figure 3.3.: The experimental data for glycerol is matched well by the upscaled
model (both-fit). Especially at early times, the representation of the
rise is much better than the one for the classical Lucas-Washburn
model.

R h-fit 0-fit both-fit

[mm] n X0 7 X2 7 X2

0.375 1.464 £0.067 0.313 1.250£0.058 2.153 1.273 £0.042 1.232
0.500 2.521 £0.080 0.196 2.358 +£0.081 1.042 2.386 £0.056 0.603
0.650 4.588 £0.162 0.414 3.963+0.143 1.370 4.098 £0.108 0.951
0.375 1.437+£0.005 0.340 1.241 £0.027 2.239 1.261 £0.044 1.275
0.500 2.430 £0.075 0.207 2.309 4+ 0.062 0.623 2.330£0.045 0.403
0.650 4.370£0.016 0.537 3.830£0.024 1.183 3.944 +£0.122 0.899

Table 3.3.: Best-fit parameter n (£ estimated standard deviation) and the reduced

residual x2 when fitting the upscaled model (top rows) and the ex-
tended model (bottom rows) to the experimental data of the height
(h-fit), the contact angle (#-fit) and both (both-fit), for the Soltrol 170
experiments.
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R =0.375mm: xExperiment e LW —— Upscaled Model (n = 1.27) ---- Extended Model (n = 1.26)
R = 0.500mm: xExperiment - LW —— Upscaled Model (n = 2.39) ---- Extended Model (n = 2.33)
R = 0.650mm: xExperiment ... LW —— Upscaled Model (n = 4.10) ---- Extended Model (n = 3.94)
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Figure 3.4.: The experimental data for Soltrol 170 is matched almost perfectly
by the upscaled model (both-fit), while the classical Lucas-Washburn
model (LW) describes only the stationary solution well (after 1 s). For
the upscaled and the extended models after fitting, the solutions prac-
tically coincide.

early-time dynamics are especially relevant for larger radii and less viscous fluids
like water, as shown and discussed below.

3.3.3. Water

In the last set of measurements, distilled water was used as the rising fluid. In
contrast to the previous cases, the extended model differs significantly from the
upscaled one (Z = 4.1, 17, 64), see Fig. 3.5. The upscaled model (both-fit) matches
only the contact angle and late-time height (after ~ 0.05 s). The experimental
data is much better represented by the extended model; hence, only these results
are reported in Table 3.4. More details and the results of the upscaled model can
be found in Appendix B. Note that the fit of the dimensionless slip length was
inconsistent (A < 0.15) with generally large standard deviation. For the 6-fits, the
slip was negligible (A < 107?), while the other fits suggest the occurrence of an
effective slip, which might be due to pre-wetting films, as discussed below.

For water, the fitted extended model matches reasonably the experimental data,
although the rise height is slightly overpredicted (+10%) for the radius R = 0.65
mm, see Fig. 3.5. In particular, note that the model predicts an overshoot (between
0.2 and 0.4 s). The experimental data does not show this behavior. Instead, the
rise seems delayed compared to the other experiments (3.4 mm vs. 6.5-7.4 mm at
time 0.016 s).
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R h-fit 0-fit both-fit
[mm] n X2 n X2 n X2

0.375 0.162+£0.005 0.058 0.377+£0.017 2.054 0.367£0.013 1.143
0.500 0.111£0.020 0.153 0.498+£0.037 3.914 0.476 +£0.026 2.249
0.650 2.849+£0.064 0.234 1.052+0.079 4.595 1.248+0.079 4.203

Table 3.4.: Best-fit parameter n (& standard deviation) and the reduced residual
X2 when fitting the extended model (without slip) to the experimental
data of the height (h-fit), the contact angle (#-fit) and both (both-fit),
for the water experiments.

R =0.375mm: xExperiment - LW —— Upscaled Model (n = 0.42) ---- Extended Model (n = 0.37)
R = 0.500mm: xExperiment ... LW —— Upscaled Model (n = 0.64) ---- Extended Model (n = 0.48)
R = 0.650mm: xExperiment ... LW —— Upscaled Model (n = 1.91) ---- Extended Model (n = 1.25)
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Figure 3.5.: The experimental data for water is matched well by the extended
model (both-fit), while the upscaled model (both-fit) matches only
the contact angle and late-time data (after =~ 0.05 s). The classical
Lucas-Washburn (LW) model describes only the stationary solution
well (after 0.1 s).
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Figure 3.6.: The dimensional dynamic parameter 7 = /U of the models (empty:
upscaled, filled: extended) fitted to the experimental data of the
height (h-fit), the contact angle (#-fit) and both (both-fit). Observe
that these parameters vary significantly from one fluid to another, but
appear to not depend on the tube radius.

3.4. Discussion

In the following, the physical basis of the fitted dynamical parameter is elaborated,
and further aspects that might have an impact on the experimental and theoretical
data are discussed. In particular, the influence of the initial transient regime and of
the meniscus shape are considered, as well as possible wetting films and resulting
slip in the case of water. Finally, the uncertainty and limitations of the suggested
models and of the fitting are addressed.

3.4.1. The dynamic parameter as physical property

The dynamic parameter 7 obtained by fitting can be interpreted as a physical prop-
erty of the fluid system. For this, we use dimensional quantities denoted by a hat.
Although the different fitting criteria, namely, the height, the contact angle, or
both, provide optimal parameters with significant variation, the dynamic parame-
ter 7 [s/m] (scaling u/(pgR?)) seems to be independent of the tube radius, see
Fig. 3.6. This agrees with the results reported in [150,151], where the Lucas-
Washburn equation with dynamic contact angle was compared with experiments
of ethanol, water and silicon oil in glass tubes, and those obtained in [224] for
molecular dynamics simulations. Further experimental data considering a larger
range of radii and hence velocities are necessary to confirm this hypothesis.

Note that the closely related linearized molecular-kinetic theory [42, 150, 151,
223,224,266] yields the dynamic contact-angle model

cos(fs) — cos(0) = &0,
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where v denotes the contact line velocity. Here, the intrinsic friction coefficient &
[s/m] is proportional to the ratio i:/o of the viscosity to the fluid-air surface tension.
Therefore, one expects an almost constant ratio 7o /u for all fluids, which is also
found for the fitted parameter 7}, because the ratio is ca. 30-70 for glycerol, ca.
25-35 for Soltrol 170 and ca. 5-50 for water. Finally, it was demonstrated in [223]
that neglecting the dynamic parameter can lead to significant underestimation of
the effective pore radius in porous media.

3.4.2. The influence of the initial transient regime

At the start of the experiment, the tube touches the surface of the fluid in the reser-
voir. This topological change initiates the rise and the meniscus shape, which are
hence strongly affected by the (touch) speed and the exact (nanometric) surface
of the tube tip. In the suggested models, this initial transient regime is neglected,
and a stable Hagen-Poiseuille flow profile and a spherical meniscus are assumed to
form quasi-instantaneously. To understand the details better, accurate micro-scale
analysis and simulations in the initial stage are necessary. For micro-gravity ex-
periments, three successive phases were found in [297]: a quadratic dependence
of the meniscus height on time (h ~ t2), followed by a linear increase (h ~ t), and,
finally, the Lucas-Washburn behavior (k2 ~ t).

However, the fitting results suggest that the initial transient regime is indeed
negligible here, especially for glycerol and Soltrol 170 (cf. the above comparison),
for which one could even neglect inertia. Nevertheless, for large radii, as well as
less viscous fluids, such as water, these effects might be significant. In particular,
the water experiment with largest radius (R = 0.65 mm) shows deviations from
an initially linear height-time relation (see Fig. 3.5 and Appendix B). Additionally,
for such regimes, the proper choice of the (numerical) initial conditions for the
extended model (3.6) might be important. Here, we used asymptotic analysis to
approach ¢t = 0, and a sufficiently small numerical regularization with negligible
impact on the solution. Further investigation can lead to conditions (or extensions)
that include the transient effect.

3.4.3. The meniscus shape

The meniscus shape is assumed spherical for the experimental measurement of
the contact angle, as well as for the discussed models. However, this shape might
be deformed due to the influence of the inertia and gravity. For glycerol and
Soltrol 170, the agreement of the experimental contact-angle data and the fitted
upscaled model gives confidence that these effects can be neglected. For water,
the experimental contact-angle data has a rather large scatter, and the differences
between experiments and fitted models are higher (cf. Fig. 3.5 and Appendix B).
For experiments with water in glass tubes of lower radius (R = 0.15 mm and
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R = 0.2 mm), it was reported in [326] that the rise velocity is too high to have a
spherical meniscus shape. Therefore, the obtained results for the contact angle of
water should be treated with caution.

3.4.4. Wetting films and slip

For glycerol and Soltrol 170, the tubes used in [160] were vacuum-dried imme-
diately before the experiments, so that no pre-wetting films were present. The
model fitting resulted accordingly in negligible slip lengths, A < 102, which trans-
lates into a dimensional slip length below 1 um. In contrast, the tubes for the
experiments with water were only partially dried using a paper filter, to avoid a
contamination affecting the contact angle and the equilibrium rise [160]. Hence,
heterogeneous pre-wetting films of water could possibly be present in the tubes.
This can influence the contact angle and the meniscus shape and induces difficul-
ties for the measurements and the modeling, so that a direct comparison becomes
more involved.

Additionally, the presence of wetting films would reduce the dissipation from the
formation of water-glass interfacial area. Hence, the water rises faster, which cor-
responds to an effective slip in the presented models. In the fitting of the extended
model using the height data (h-fit and both-fit), indeed, a relevant slip length up
to 0.15 (dimensional about 0.1 mm, cf. Appendix B) was observed. However, the
dynamic coefficient n and the slip length A are strongly correlated, such that the
slip length in the model is difficult to relate to the physical behavior.

Furthermore, note that negative effective slip was observed for nanometric pores
[329]. There, the effective slip length depends on the wettability and the viscosity,
which considerably differs for confined water near walls and for bulk water. Here,
however, the fitting did not allow for negative slip lengths, since these effects were
found to be only relevant for radii on nanometer scale [329].

3.4.5. Uncertainty and limitations of the models and of the fitting

Because the suggested models are derived in leading order for ¢ < 1, errors in the
order of ¢ are expected (here € < 1072). Furthermore, a linearized dynamic contact-
angle model is chosen here for simplicity. A higher accuracy can be obtained using
a more sophisticated contact-angle model, which, itself, needs further investigation
and validation [42,256]. Additionally, a Hagen-Poiseuille flow is assumed for the
extended model. Deviations due to inertial effects are ignored, but might affect the
inertial coefficient Z. This could explain the overshoot observed for the extended
model in the case of water with tube radius R = 0.65 mm (cf. Fig. 3.5), which is
not present in the experiment.

Furthermore, the static contact angle is highly sensitive to the used materials. In
contrast to the total wetting (6 = 0°) assumed in [160], the values extracted from
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the experiments range between 5° and 10°. Note that, for water-air-glass systems,
even a static contact angle of 20° to 30° was reported in [207]. Although this has
only a minor influence on the rise height, it affects the fitting for the dynamic
contact angle.

3.5. Conclusion

The upscaled model of capillary-driven flow in circular cylindrical tubes extends the
classical Lucas—Washburn theory by incorporating a dynamic contact angle. Using
a simple relation between the contact angle and the velocity of the moving contact
line, an analytical expression for the capillary rise over time was derived. Based on
empirical arguments, the mathematical model was extended to account for inertial
effects.

To validate the models, the solutions were compared to the experimental data
observed in [160]. In contrast to the Lucas-Washburn model, the models with
dynamic contact angle do match the experimental data, both the rise height and
the contact angle, even at early times. The fitting procedure requires only one
parameter for the dynamic contact angle. In particular, the findings suggest that
this parameter depends only on the physical properties of the involved fluids (and
of the tube), but is independent of geometrical features, such as the radius of
the tube. Therefore, the presented models can be used to predict capillary-driven
flow in tubular systems upon knowledge of the underlying dynamic contact-angle
relation.
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Numerical Methods at the Darcy Scale






|Chapter 4

Linearized domain decomposition
methods for two-phase porous media
flow models involving dynamic
capillarity and hysteresis

This chapter originated from the master’s thesis [214] and is based on the following
publications [219,220]:

e S. B. Lunowa, I. S. Pop, B. Koren, Linearized domain decomposition methods
for two-phase porous media flow models involving dynamic capillarity and
hysteresis, Computer Methods in Applied Mechanics and Engineering, 372
(2020), 113364. doi.org/10.1016/j.cma.2020.113364
Copyright © 2020, Elsevier B.V.

e S. B. Lunowa, I. S. Pop, B. Koren, A linear domain decomposition method
for non-equilibrium two-phase flow models, in: Numerical Mathematics and
Advanced Applications ENUMATH 2019, Springer, Cham (2021), pp. 145-153.
doi.org/10.1007/978-3-030-55874-1_13
Copyright © 2021, Springer Nature.

4.1. Introduction

The mathematical models for porous-media flow at the Darcy scale typically con-
sist of coupled nonlinear differential equations, which may degenerate and change
type in an a-priori unknown manner, depending on the solution itself. While the
complexity increases further when dynamic and hysteretic effects are incorporated,
largely varying or even discontinuous physical properties pose additional difficul-
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ties. There is a strong demand for the mathematical design and analysis of suitable,
robust computational methods.

Newton based solvers cannot be applied directly to these problems due to se-
vere constraints on the time step sizes to ensure convergence [264]. A simple
fixed-point iteration, the L-scheme, has been proposed as robust, but only linearly
convergent alternative, see Section 1.5.3. The method is independent of the spatial
discretization. It is combined with the (mixed) finite element method in [70,254]
for Richards’ equation with equilibrium capillary pressure and two-phase flow with
dynamic capillarity, respectively. In [187], the L-scheme is used together with a
discontinuous Galerkin method for the two-phase system with dynamic effects,
neglecting hysteresis. A multi-point flux approximation finite volume method is
applied in [71] for two-phase flow incorporating dynamic capillarity.

For layered soil, it seems natural to additionally apply a domain decomposition
method to decouple the essentially different layers and thereby speeding up the
convergence. Domain decomposition methods have been used and optimized for
a wide range of applications, see Section 1.5.4. Such methods can be used after
temporal discretization for porous media equations, as proposed in [37,65] for a
simplistic setting, while Richards’ equation and the two-phase flow equations are
considered in [4,6], where a-posteriori error estimates and multi-rate time step-
ping methods are derived. In [285,286], the domain decomposition is integrated
in the linearization process for both Richards’ equation and two-phase flow, and
the convergence is proven rigorously. For single-phase flow in a fractured medium,
a domain decomposition method is used together with the L-scheme in [5] to solve
the mixed-dimensional problem.

Here, we propose two linearization and domain decomposition schemes for two-
phase flow in block-heterogeneous porous media. The model includes dynamic
effects and hysteresis in the capillary pressure formulation. These methods are
independent of the concrete space discretization and avoid the use of derivatives
as in Newton based iterations. By maintaining the formulation of the equations
in physical variables like saturation and pressure, instead of using the Kirchhoff
transformation, these schemes are particularly accessible for direct application in
the engineering context.

This chapter is structured in the following way: The two-phase flow model, the no-
tation and the assumptions are introduced in Section 4.2. In Section 4.3, the tem-
poral discretization by the 6-scheme is stated. Based on this, the iterative schemes
for finding the solutions to the nonlinear semi-discrete equations are derived. The
analysis in Section 4.4 contains proofs for the existence of unique solutions to the
problems defining the linear iterations and for the convergence of the iterative so-
lutions. Section 4.5 addresses the numerical validation of the theoretical results
by several examples in two spatial dimensions. Finally, Section 4.6 completes this
chapter with a discussion and outlook.
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Qe R

Figure 4.1: Schematic sketch of a block-
heterogeneous domain ) =
0, UT'U Qs with interface I

4.2. Modeling of non-equilibrium two-phase flow in porous
media

Let the domain 2 C R? for d € N with a Lipschitz boundary 99 and the final time
T > 0 be fixed. The domain is partitioned into two disjoint sub-domains 2; and
Oy with Lipschitz boundaries 9); and outer normal vectors n, for [ € {1,2}, which
henceforth denotes the sub-domain index. Furthermore, the sub-domains are sepa-
rated by the interface T' = Q\ (Q;U), which is assumed to be a (d—1)-dimensional
manifold (see also Fig. 4.1). Note that the extension of this and all the following
to more than two sub-domains is straightforward, see [285, Rem. 3 & Sect. 4.4].
All the following quantities can depend on their position in the domain, but we
suppress this dependence for the ease of presentation. In each sub-domain €,
the dimensionless formulation for flow of two immiscible, incompressible phases
through a stationary, rigid porous medium is governed by the mass balance equa-
tions

_¢l8tSl +V- Un,l = Gn,l in Ql X (OaT)v (41)
O10:S; + V Uy = qy, in QO x (O,T)7 (4.2)

where ¢; € (0,1) is the medium porosity and S; is the saturation of the wetting
phase (note that in a two-phase system S,, + S,, = 1, so that only one saturation
is necessary). The source rate of the a-phase (« € {n,w}) is denoted by ¢,;. The
specific discharge u,,; of the a-phase incorporates the intrinsic permeability K,
and the relative mobility A, ; due to the extended Darcy law,

Un,l = _)\a7l<Sl)Klvpa,l in Ql X (OaT) (43)

Here, p,, denotes the pressure in the a-phase.
At the interface I' separating the two sub-domains, we assume that the normal
flux and the pressure of each phase are continuous, i.e., for a € {n,w}

Uq,1 "N = —Ua2 N2, Pa,l =Pa2z ONT x (0,7). (4.4)

Remark 4.1 (Interface conditions). The continuity of the normal fluxes follows
directly from mass conservation. The continuity of the phase pressure is valid, if
the phase is present at both sides of the interface. This is not necessarily valid any
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more for so-called entry-pressure models, when the non-wetting phase is absent
at one side of the interface, as shown in [62,68, 314] for standard models and
in [310] for dynamic capillary pressure. To the best of our knowledge, conditions
for entry-pressure models including both dynamic and hysteretic effects have not
yet been proposed or derived.

Based on the discussion in Section 1.3.1, we consider the play-type hysteresis
model proposed in [32,154],

Pl — Pw,l € Pe,i(S1) — 1 8ign(0:S1) — 11(51)0: 54, (4.5)

where ~; > 0 and the non-negative function 7; are used to model the effects due to
hysteresis and dynamic capillarity, respectively. Below, we will use a regularization
®;,; of the scaled sign function to obtain a single-valued relation and to ensure strict
monotonicity. For fixed, small parameter § > 0 and [ € {1, 2}, the regularization is

yisign(§) if €] >0,

® =
5.1(8) W £ e <6

The regularized non-equilibrium capillary pressure condition then becomes
P — Pw = Pe,i(S1) — 5,(0:S;) — 0¢T1(S;) in & x (0,T), (4.6)

where T; denotes the primitive of 7;.

Alternatively, the multi-valued equation (4.5) can be inverted. As discussed in
Section 1.3.1, this yields a single-valued relation 9;5; = \i/l(Sl,pn,l — pw,1). Here,
we consider the inverse capillary pressure condition only for constant ; > 0, which
then becomes

051 = Vi (Png — Pw,i — Pea(S1)) in & x (0,7), (4.7)
where
AL ifp >y,
Ui(p) =10 if [p] <,
2 ifp < =

A regularization of ¥; matching ®;; is used in [191,201,275,282] to prove the ex-
istence of weak solutions for § — 0, and to develop appropriate numerical schemes.
Moreover, it is possible to only include hysteresis and no dynamic effects. Then,
U, has to be regularized by including e.g. a small dynamic effect, namely taking
7 =¢ > 0.

Remark 4.2. Richards’ equation models unsaturated flow in porous media [271],
based on the simplification that the non-wetting pressure p,, is constant, such that
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(4.1) can be neglected. Although this manuscript focuses on the general two-phase
flow equations, the results can be directly transferred to Richards’ equation.

4.2.1. Notation

We denote by L?(X), H'(X), H}(X) and HV(X) the standard Hilbert spaces on
X € {9,Q1,9:}. H/2(I) consists of all traces of functions in H'(Q). This trace
on I' of w € HY(Q) is denoted by w|r. For any function f € L%*(Q), fi := flo,
denotes the restriction to 2, for I € {1,2}. Vice versa, a pair of functions (fi, f2) €
L?(Qy) x L*(€) is identified with the natural L?-extension f on the whole domain
Q. For simplicity, we only consider homogeneous Dirichlet boundary conditions at
00 for the pressures, so that the following spaces will be used

W= {w e H' () : wlag,noe =0}, W= L*(Q) x Wi x Wy)>.

At the expense of additional technical effort, it is possible to extend the results in
this chapter to other types of boundary conditions. Since 92 N 9€Y; is either empty
or has positive (d — 1)-measure, the functions in W; vanish on this common part
of the boundary. Note that w € HZ(f2) is equivalent to (w1, ws) € Wi x Wy with
w1 |r = wa|r. This is a direct consequence of the trace theorem. For the continuity
of the pressure across the interface I', we introduce the space

V= L*(Q) x [Hy ()%
Moreover, the space for the interface conditions on I is given by
Hyl? () = {w e HY2(T) : 3v e HY(Q) : v|p = w}.

It is a Hilbert space as the quotient space H{(f2)/ker(:|r), see [38, Proposition
2.3]. The L? inner product and norm on X € {Q;,Q,,I'} are denoted by (-, )y
and || - ||x. Analogously, (-, -);. stands for the dual pairing on H&({2(F) with HééQ(F)’
via the Gelfand triple with L?(I'). Here and in the following, the dual of a Banach
space B is denoted by B’.

4.2.2. Assumptions on the coefficient functions

In the following, we summarize all assumptions on the coefficient functions, which
are mostly also found in realistic physical systems. Note that we explicitly ex-
clude the degeneration of the equations by requiring positive mobilities A, and
a Lipschitz-continuous equilibrium capillary pressure p.. This is necessary to en-
sure that the pressures p,,, p, based on (4.1)-(4.3) are well-defined even if one
phase is not present due to S = 0, 1. In realistic applications, where these assump-
tions do not hold, one can use a regularization like in [72,74,232,234,280], where
the convergence of the solutions of the regularized equations towards the solution
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of the degenerated equations and the existence of the latter solutions are proven.
Note that we allow discontinuities of the coefficient functions at the interface I'.

Assumption 4.1. For [ € {1,2} and a € {n,w}, assume that

e K;: Q) — R%4 js symmetric, and constants K,;, K; € RT = (0, 00) exist such
that K ||¢]12. < ETK(z)¢ < K|[€]|2, for all z € €, and £ € RY,

e iR — R+, is Lipschitz-continuous with Lipschitz constant Ly, 1, and con-
stants my,, ;, My, ; € RT exist such that my,_; < A\a(s) < My, forall s € R,

® Qo :[0,T] — L2(€) is continuous,

* p.; : Rx§; — R is strictly monotonically decreasing in the first variable,
Lipschitz-continuous, and constants m,,_;, L,.; € R exist such that m,,_;|r —
S| < |pei(r,x) — pei(s,x)| < Ly, i|lr —s| forall r,s € R and z € €,

e 7, : R — R is measurable, and constants my,;, Ly, € R" exist such that
my; < 1i(s) < Lp, for all s € R; we call its primitive T; : R — R,

e v : 4 — [0, 00) is Lipschitz-continuous and bounded by a constant M, ; € R*.

Remark 4.3. The extension of A\, ;, p.; and 7, to any value s € R is necessary be-
cause the non-degenerated, non-equilibrium model does not satisfy a maximum
principle due to possible overshoots. The solutions of the degenerated model re-
main (essentially) bounded, see [74,232]. These extensions can be constructed
naturally, only assuming Lipschitz continuity on [0, 1].

Remark 4.4. By Assumption 4.1, ®5, : R x £; — R is monotonically increasing in
the first variable and Lipschitz-continuous with Lipschitz constant Lg, ; = M, /4.
Furthermore for constant 7; > 0, ¥; : R x ; — R is Lipschitz-continuous, monoton-
ically decreasing in the first variable, and it holds |¥;(p,z) — ¥;(q,z)| < Ly |p — ¢|
for all p,g € R and = € Q;, where Ly =7, .

The system of nonlinear equations (4.1)-(4.4) with either (4.6) or (4.7) forms
an initial-boundary-value problem in the primary variables S, p,, and p,, for given
initial data S|;—o = S° € L>(Q;[0,1]).

Remark 4.5 (Existence and boundedness of unique weak solutions). For the ex-
istence of unique weak solutions to (4.1)-(4.4) under either condition (4.6) or
(4.7), with respect to initial and boundary conditions, we refer to [72,73, 191].
The existence of solutions is proven in [191], while the uniqueness of the solutions
to these equations for 6 = 0 is derived in [72, 73]. Note that additional assump-
tions on the regularity of the coefficient functions and the domain are necessary
for this. Furthermore, the sequence of solutions to the regularized equations con-
verge (weakly) towards the solution of the original equations for § — 0, as shown
in [201].

For the main theorems Theorems 4.1 and 4.2 in this work we assume the existence
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of time-discrete solutions with bounded pressure gradients. This has been proven
in the time-continuous case e.g. in [72, Lemma 1], where S € L>(0,T; C%#())
and p,,,pw € L=(0,T;C%#(Q)) is obtained under the above mentioned additional
regularity assumptions that the coefficient functions are independent of x, that
p. € Ct and S° € C%#(Q), and that Q is a C'#-domain.

4.3. Temporal discretization and iterative schemes

First, we present the discretization in time by the #-scheme. In particular, we are
interested in the unconditionally stable situation when 6 > 1/2. For § = 1, this
boils down to the first-order backward Euler method, while § = 1/2 coincides with
the second-order Crank—Nicolson method. The resulting semi-discrete equations
are nonlinear, and thus iterative methods are necessary to find the solutions. We
propose two linearization and domain decomposition schemes (LDD-schemes).

4.3.1. Discretization in time

For given K € N, let the fixed time step length be At := L. At time t* := kAt,
the approximations of the saturation, pressures and source terms are denoted by
Sk pk . qk. With this, the auxiliary quantities at time t* are

Z,z = _)\a,l(SIk)KlVPZ,l’ PI;J = Pc,l(szk)a ‘I’f = \Ill(pfl,l - Pi,l - P]cc,z)-

For 0 6 (O 1], the -averaged quantities are defined by (-)*¢ := () + (1 —0)(-)* 1,
e.g. u Quu 1= k- 1 . Then, the interface cond|t|ons (4.4) directly become

u

k.6 _ k8 koo k
Uy 1M1= —U 5 N2, Paq =DPaoz ONL. (4.8)

The time-discrete counterparts of (4.1) and (4.2) are tested with &,,&, € H3 ().
After partial integration using (4.8) and summation over I € {1,2}, the time-
discrete, weak equations read

Z( o (= ), - (ubh, vgn,z)ﬂl) = (vl &), (4.9)

=1
C (o (R ), - (s V), ) = (&), 410)

=1

Additionally, the time-discrete counterparts of either the regularized non-equilibri-

um capillary pressure equation (4.6)

in L?() for 1 € {1,2},
(4.11)

k k.0 k,0 Sk—gh—1 T(SH-Ti(S; ™Y
Prli = Pwg = Pcll _‘I’&l( At - At
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or of the inverse capillary pressure equation (4.7)

SoSITL _guk 4 (1 0)wEl i L2(y) for | € {1,2}, (4.12)

will be used below, yielding the following two semi-discrete formulations.

Problem 4.1 (Semi-discrete weak formulation I). Given (S*~1, pf=1 pk=1) ¢ V),
find (S*, pk pk) € V such that (4.9)-(4.11) hold for all &,, &, € HE().

Problem 4.2 (Semi-discrete weak formulation II). Given (S*~! pf=1 pk=1) ¢V,
find (S*,pk, pk) € V such that (4.9), (4.10), and (4.12) hold for all &,, &, € H ().

In particular, the second formulation is well suited for hysteretic models since
it avoids the regularization of the sign function, and thus additional errors. In the
absence of hysteresis, the first formulation is more natural and can be straightfor-
wardly used even for vanishing 7. Note that both weak semi-discrete problems are
well defined.

Remark 4.6. If (S* p¥ pk) € V is a solution of Problem 4.1 or Problem 4.2, then
pE 1|r = pk ,|r holds by the definition of V. Since SF, S; ™!, ¢5% € L?(Q), testing
(4.9) and (4.10) with arbitrary &,,; € C§°(€2;) implies V - ukf) € L2(), ie., ul;? c
HV(;). This shows that
k.0 Sl Sk ! k0 Sk 1 ) 9
Veoup! =g i—+dy], Veu — i a— g5 in LA(Q). (4.13)

wl

Therefore, the normal trace lemma [55, Lemma III.1.1] y|eldsu l ‘ny € Hl/Q(GQl)
and integration by partsin (4.9) and (4.10) implies u”1 n, = u’“‘; ‘Mo in Hé({ (ry.

Problems 4.1 and 4.2 are nonlinear systems of mixed elliptic algebraic equations
with possibly discontinuous coefficients. This is evident when (4.12) is substituted
into (4.9) and (4.10). One may prove the existence of (unique) solutions analo-
gously to the time-continuous case (Remark 4.5) or the fully discrete case in [106]
for equilibrium capillary pressure. By this, the time-discrete pressure gradients
should be bounded - corresponding to the results in [72,106]. However, this lies
out of the scope of this manuscript. In the following, we will assume that solutions
to Problems 4.1 and 4.2 with bounded gradients exist.

4.3.2. Linearization and domain decomposition schemes

To decouple the problems on the sub-domains, and thereby to account for the
possible discontinuities at the interface I', we introduce a non-overlapping domain
decomposition method. Following the ideas in [88,209], we combine the interface
conditions (4.8) by a (to be freely chosen) parameter L1 € (0,0) to define

: k.0 )
92,1 N Erp’&’l for i e {1,2}.
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With these Robin type expressions, the interface conditions (4.8) at I' read

923-1 = *2£Fp§,l - 9271-
This formulation is equivalent to (4.8) for any Lr # 0, cf. [285, Remark 1].
Lemma 4.1. Let k € N be fixed and assume that (S*,pk,pl) € W and g,
Hl/z(l‘) exist for | € {1,2} and o € {n,w}, such that it holds

S’“ ! k,0 k.0
_¢l ( ) gn l) o - (un’la vén,l)Q + <£FPZ,1 +g7lz’l7 5n,l>r = (qn’lv gn,l)Ql )

l

(4.14)
Sk Sk 1
ol ( ) fwz) - (uﬁj,ep Vfw,z)ﬂ + (Lrpt + gt Cwd)p = (Qiﬁ, fw,z)ﬂ ;
l l 1
(4.15)
k _ k k
<ga}l> foc,l>F = <—2£Fpa}371 — Y9a,3-1s fa,l>ra (4.16)
for | € {1,2} and all &,,&, € H}(Q), as well as either (4.11) or (4.12). Then,
the interface conditions u.’ -ni = —ul% - ny in HJ* () and pE ol = pkolr are

satisfied, and thus (S*,pk,pk) € V is a solution of Problem 4.1 or Problem 4.2,
respectively. Moreover, it holds g , = uy - — Lrpk i HYA(TY.

Vice versa, if (S*,pk,pk) € V is a solution of Problem 4.1 or Problem 4.2, and we
define

: 1/2
g =l oy — Loph, in HyA(TY, (4.17)

then (S*,pk,pk) and g%, | € {1,2} and a € {n,w}, solve the system (4.14)-
(4.16).

Proof. Subtracting the equations (4.16) for [ € {1, 2} directly yields p’;71|p =
whereas adding up these equations leads to g% ; + g% , = —Lr(pk ; + pk ). Using
this in the sum of (4.14) over( € {1, 2} gives (4.9). Analogously, one obtains (4.10)
from (4.15). Together with (4.11) or (4.12), this is equivalent to Problem 4.1 or
Problem 4.2, respectively. Furthermore, integration by parts in (4.14) and (4.15),
using (4.13), leads to g¥ , = ul] - ny — Lrpk , in HY (T,

Conversely, if (S*,pk pF) solves Problem 4.1 or Problem 4.2, then the continuity
of pressures and normal fluxes at I' holds, and thus one gets

k _ ko0 k k.0 k _ k k
9o, = 'u‘a,l "Ny — £Fpoz,l - _ua,3—l ‘N3—1 — ‘Cf‘pa,i%fl - _2£Fpa,37l —Ya,3-1

in Holgz(l‘)’. Finally, (4.14) and (4.15) follow from integration by parts of (4.9) and
(4.10) using (4.13) and the definition of g% . O

The above-shown equivalence of Lemma 4.1 can also be observed for Richards’
equation [285]. We will use the system (4.14)-(4.16) and either (4.11) or (4.12)
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instead of the equivalent semi-discrete Problems 4.1 and 4.2 to prove that the
solutions to the LDD-schemes converge towards the solutions of Problems 4.1
and 4.2, respectively.

The two problems only differ in the used capillary pressure relation, but this will
result in different iterative schemes, as will be seen below. The common idea is
to linearize the capillary pressure equations (4.11) and (4.12) using the L-scheme
discussed in Section 1.5.3. This means to add stabilization terms of the form

L(solution of current iteration — solution of last iteration),

which vanish in the limit if the sequence converges. Here, the parameter £ > 0
takes the place of the Jacobian which would be used in the Newton method.
Assuming that for some i € N the approximations (S*i=1 pki=1 pki=1) ¢ ) and
g(’z; "' L3(I') for I € {1,2} and o € {n,w} are known, the linearized fluxes and
interface conditions are defined by
uZ’f’i = —9/\a,l(5f’j)Klei’ﬁ +(1—0)urt, gi’j = —2£pp§’£;1l — gi:gill,

a,l

where j = ¢ — 1 for the following LDD-scheme I, while j = ¢ for the LDD-scheme II.
With these, (4.9) and (4.10) become linear and decouple into

k 175k 1 k.0,i
_¢l < ) gn l) - (unl Z» Vgn,l)
Ior ? Q

+ (ﬁrpn 1 +gnl7 fn,l)r = (qu;:?7 gn,l)ﬂ ) (418)
1
sy s’“ ! i
gm( : fwl) = (i veur),,
- (/:rp’f;fl b o) = (a0 Gud), o (419)
l
gy 2cpp’;f;11 gy in LA(D). (4.20)

If the limit exists, we expect for (4.18)-(4.20) to iteratively find the solution
of the formal limit system (4.14)-(4.16) as i — oco. Although this convergence is
independent of the initial guess, as shown below in Theorems 4.1 and 4.2, note
that the natural choice for the first iteration is the solution at the previous time
step,

k0 ak—1 k0 k-1 kO k-1
S =5, Pay = DPay s Yo = Yo, -

Note that the Robin condition formulated in (4.20) removes the necessity to
calculate the fluxes at the interface I' in favor of evaluating the pressure. This

has the advantage that the regularity can be improved (gf;j € L*(T) instead of

Z?’ n; € H1/2( I')’) and that no post-processing is required for finite element

methods and other pressure-based spatial discretization schemes.

u
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For Problem 4.1, we use the stabilization parameters £, ;, Lo, L7; > 0, which
must satisfy some mild constraints to guarantee convergence, as shown below in
Theorem 4.1. With these, the stabilized linearization of (4.11) becomes

n,l w,l

pk,e,i 7pk,0,i i (Ep,l T ﬁT,LLL@,L) (Slkz _ Slk-,i—l)

sf*f’—l—sl’“1> CTETTOTSTY g 01

= Opea (S + (1 —0)pkyt — @y ( A% A7

in L2((Y), for | € {1,2}, where pl7" := 0pl + (1 — 0)p 7. Clearly, the stabilizing

term in (4.21) vanishes in the case of convergence, and hence the formal limit is
(4.11). The iteration reduces to solving the following problem.

Problem LDD-1 (Weak formulation of the LDD-scheme I).

Given (SF=1 pk=l ph=1y ¢y, (Ski=1 pki=l pki=1) ¢ )y and g’;’j*l € L3(T) for
1€ {1,2}, a € {n,w}, find (S*i pki pki) € W and g¥} € L*(T) for I € {1,2} and
a € {n,w}, such that the equations (4.18)-(4.21) hold for all &, ;,&,,; € W, and

le{1,2}.

For Problem 4.2, we define the semi-linearized inverted capillary pressure equa-
tion based on (4.12) and \I/é” = \Ill(pk’z_1 —pﬁ’fl_l —pc’l(Slk’l)) by

n,l

51!

Sl =00+ (1 - 0)TFY in L2(y) for 1 € {1,2}. (4.22)

Note that Slk’i still arises implicitly. However, (4.22) defines a contraction, as shown
in Lemma 4.3. Therefore, it can be easily solved by directly applying the associ-
ated fixed-point iteration or any other suited method such as the Newton-Raphson
iteration.

Note that this allows to use Slk’i for the definition of the flux

b i 0 (SEOKTR) + (1= Bl
in the second LDD-scheme. Substitution of (4.22) into (4.18) and (4.19) leads
then to a nonlinear elliptic system of equations in p,; and p, ;. Therefore, we
stabilize these equations using only one stabilization parameter £,; > 0, which
again must satisfy a mild constraint discussed in Section 4.4.2. In particular, the
term L, (pﬁﬁ —plflfl —pfv’fl +pﬁj’ffl) is added to (4.18) and subtracted from (4.19).

Again, this term vanishes in case of convergence. Altogether, the second LDD-
scheme is constituted by iteratively solving the following problem.

Problem LDD-2 (Weak formulation of the LDD-scheme II).
Given (S~ ph=t,ph1) € V, (SH 1 kit phitl) € Woand 517! € L(T) for

w a,l

I € {1,2}, a € {n,w}, find ("7 pki pli) € W and gh} € LA(T) for | € {1,2},

a,l
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a € {n,w}, such that it holds

SFi_gk—1 ki ki—1 k,i ki—1
7¢l ( : Atl ’ fn,l + Ep,l (p’n,l — Py 7pw,l +pw,l ’ gn,l Q

_ (uf;j»ﬂ Vf"’l)nz + (,cpp:ﬁ + gt €n,z)F = (q,’ijf, fn,l)ﬂla (4.23)
” (SAS 51“)9 Ly (Pl o =Rl T )
l
— (b, V), + (Lo ol ar) = (0 &), . @29)
gNi = —2Lrpl T — gy, in LA(D), (4.25)
SIS ewb - (1-0) U in (), (4.26)

forall &,1,&w € Wy and 1 € {1,2}.

4.4. Existence and convergence of the iterative solutions

In the following, Problems LDD-1 and LDD-2 defining the LDD-schemes are ana-
lyzed. The existence of unique solutions to these problems and the convergence
towards the solutions of the semi-discrete equations is rigorously proven. The ideas
of the proofs are based on [187, 285, 286], where similar models are discussed,
in which either hysteresis or both dynamic capillarity and hysteresis are absent.
In comparison to [214], the improved convergence proofs state sharper bounds
on the stabilization parameters and on the time-step size. The LDD-scheme I is
presented first, the second one afterwards.

4.4.1. LDD-scheme 1

The existence of a unique solution to Problem LDD-1 is a direct consequence of
the linearization.

Lemma 4.2. Problem LDD-1 has a unique solution if Assumption 4.1 is fulfilled
and 6 € (0,1].

Proof. Since p&~!|r € L*(T), (4.20) yields unique g%} € L*(I') for | € {1,2} and

a,l

a € {n,w}. Furthermore, (4.21) can be rewritten as

Shi_gk—1 i i i
S = —B0(p — pl) + Bufi i LA(), (4.27)
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where 8, = (L, At + L1 + Loy)~! >0, and

fi = 0pea(SEN + (L= o)kt = (- 0) (i3 - b

is independent of any quantity at the iteration ¢. Inserting this into the sum of
(4.18) and (4.19) leads to

b0 (P = Pl Gt = ua) o +0 D (MaalSPTHKVLL VEar)

ac{n,w}
£ Lo (B o) = 0B (s Gt Gud)g, + (1= 0) 3 (uhih Vear)
ae{nw} ac{nw}
3 (), — X (o &),
ae{n,w} ae{n,w}

Note that the righthand side is independent of any quantity at iteration i except the
known gz’j in the last term. With respect to the product space [W]?, the first term
on the lefthand side is positive semi-definite. The remaining terms of the lefthand
side are a symmetric, coercive and continuous bilinear form on [W;]? by Assump-
tion 4.1, & > 0 and Lr > 0. The righthand side is a continuous linear functional
on [W,]2, hence by the Lax-Milgram lemma, a unique solution (pfl’l,pfull) e Wi)?
exists for [ € {1,2}. Finally, Sl’” € L%() is uniquely determined by (4.27). O

To prove the convergence of the LDD-scheme I, we derive a-priori estimates for
the errors between the solution to Problem LDD-1 and the solution of the limit
equations. These estimates yield the convergence for any initial guess.

Theorem 4.1 (Convergence of the LDD-scheme I). Let Assumption 4.1 be ful-
filled and 0 € (0,1]. Assume that a solution (S*,pk pk) € V of Problem 4.1 exists
and satisfies ||Kll/2Vp’f¥7l||Loo(Ql) < M, and ul -ny € L*(T). If the stabilization
parameters are sufficiently large and the time step is small enough, i.e.,

Guimp, 1

2 2 b)
0L 1My,

Mgl

L, Lo,

ﬁp,l > ech,la ETl > T, E@J > and At <

ae{n,w}

for | € {1,2}, the sequence of solutions of Problem LDD-1 converges towards the
so/ution of Problem 4.1 independently of the initial guess (S¥°, pk0 pk0)y ¢ W and
gal € L*() for 1 € {1,2} and « € {n,w}. More precisely, it holds

SPt = SFin LX), pl =k, inow, o gb =gk, in LA(D)

forl e {1,2} and o € {n,w} as i — oo.
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Remark 4.7. Due to the regularized sign-function, one has Lg,; = M, ;/é. This
means that the stabilization parameters and the time step can be chosen indepen-
dently of the regularization, except for Lo; > M., ;/(26).

Remark 4.8. Note that we assume the solution of the semi-discrete Problem 4.1
to exist and to be sufficiently smooth. Given the additional regularity assumptions
mentioned in Remark 4.5, this holds for the continuous problem. In particular, fol-
lowing the proof of Lemma 1 in [72], the same arguments yield SF € C°(Q;) and
pﬁc,l € C*(Y) in the semi-discrete case under these assumptions. Then, one would
have u’;;’ € C°(Q;) and hence the regularity assumptions would be fulfilled. How-
ever, this remains an open problem if only Assumption 4.1 is fulfilled. Furthermore,
the existence of the semi-discrete solutions remains unclear in both cases.

Proof of Theorem 4.1. The iteration errors are defined by
esy =5 - Slk € L3(), Cpo = pafl —pi,l EWL ey = gaj — gz’l € LA(I).

Subtracting the limit equations (4.14)-(4.16) and (4.11) from (4.18)-(4.21) leads
to

1

& (At sn,z) 0 (a8 KV = At (KR, VEn)
Q
+ (Lo, 0+ €0 &nt)p =0, (4.28)

o (5 €ur) 0 (alSETOKITI - Aa (SHK TP, V),
Q

l
+ (Lrey,, 1+ €1 Ewi)p =0, (4.29)
eho1=—2Lre, s —ei s in L*(D), (4.30)
i i Lr+Lq i i—
0(ep,.1 = €p,0) + (Lp,l + =R M) (s, — eS,ll)

3 kyi—1y_ k
= O(pea(SFY) = pes(Sh)) — DB TUSE)

k,i—1 — -
- ((1’5,1 <S’A_tslkl> —®s, (W)) in L2(y). (4.31)

In the following, we derive estimates for the errors at iteration i depending on those
of the previous iteration ¢ — 1. This is done separately for each of the equations
(4.28)-(4.31) using the monotonicity of the coefficient functions. Combining these
estimates, we observe absolute convergence of the series of errors, and conclude
the convergence of the solution.

Error estimate on the interface conditions. Using (4.30), the norm of e;ml is

2

%
||€9aal

2 _ i—1 i—1 i—1
|F =4Lr (Lrepaﬁ—l T €g.,3-1 €pa,3-1 r +

i—1
€ga3-1 HF
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and thus by index shiftingztoi+1andlto 3 —1

- 1 D2 ; 2
(Lr€pot + Chuts Gpat)y = =47 (Heéa,lHr - ‘ e;i:?g-zHF) : (4.32)

Error estimate on the non-wetting pressure. Testing (4.28) with &,,; = e;ml
yields

— ¢ (eAstl7 ;n,l) +0 ()‘"vl(skl 1)Klvep oy Ve;ml)
oh &
; k,i— :
+(Lre, i+ € s €, )+ 0 (Ona(SE' ) = Aa(SEVKVR 1, Ve, 1) =0,

Since \,; has the lower bound m,, ; and is Lipschitz-continuous, one obtains by
the Cauchy-Schwarz inequality and (4.32)
i+1 H2>
€ga,3-1

1/2v€ H
Pn,l Q

’r_’

— @y €51 el +0my HK /2yt ‘2 L ||ei 2
Wl ) nol - sl
At P¢ o, n ! DPns Q 4£F Jo

< 0Ly, HKzl/QVPﬁ,zHLOO(Q |
l

i—1
€s.1 )

Q

By Young’s inequality and the bound on the pressure gradient, one gets

2

ek, 4 9mA,L,z 1/2 i

_¢l (At s ep”,l> =+ HK V ol
o8

0L3 ,M?
< Tl

1

i1 |2
o+ 127 ||

e "
Gas3=l||

17—

1 P2
S,ZIHQZ + iLr HegaleF

Pl

4.33
QTTL)\n’l ( )

Error estimate on the wetting pressure. Testing (4.29) with §,,; = e;w’l and
following the same steps as for the non-wetting pressure equation yields

et . i 0771)\1“7 1/2 i 2 1 i 9
(,bl (gyt” epw,l)Ql + HK Ve I)w,l + E eg'ux73—lHF
0L2 lMQ l L
<w’7pw” S 1H —— e |5 (434
B 2mx, €s.i o + ALr Hegw,lHF ( )

Error estimate on the pressure difference. Testing (4.31) with eng and using
the identity a(a — b) = 1(a® — b* + (a — b)?) for the stabilization term yields

2 2
i i i Lpi | LratLa, i 12 eiml i i—1
0 (€pnt = Epurts €51 g, + ( 2 T oA ) <H€S,l||Ql T8 ||g, Tlese T s g,
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i— Ty (Sk =Ty (SF .
= <9 (pc,z(slk’ h - Pc,l(szk)) - wv 6s,zl>
97}
gkii—1_gk—1 sk_gk—1 i
51 (’m’) s, (17) » Eg zl>
Q
0 kyi—1 TS ™ H-T(sF) i i—1
+ Pe,1(5) ) = Pe, Z(Sl )) - — s €51~ €g;
Q

ghi=1_gk—1 gk _gk—1 . i1
- <‘I’5,l (l i — D5y (‘l At ) ;€51 — €51 :
Q

The last two terms on the righthand side can be bounded by Cauchy-Schwarz
inequality and Young’s inequality, which yields
2
i—1
€3 HQZ)

0 (eha = chuar g, + (55 + 2255822 (el ~|

e gRai=1y_p gk i
< (0 (pcl(Sk 1) pc,l(SZk)) _W7 eSl1>
9]

Sk i l_Sk 1 Slk_SLk71 ie1
(q)“ ( At — P51 ( At ) » €5
Q

|
S
KA

. 2
(S T =Ti(SP)

2
02 k,i—1 k At
T3z, ||Pe ((S77) = pealS) )Hﬂz T 2%z, At o
l
At ghkri—1_gk—1 gk _gk—1 2
=t Pt ) R _ o Sy
+ 2[::1)’[ ®67l At (bél ( At ) o .
l

For a Lipschitz-continuous and monotonically increasing function f : R — R, it
holds (f(a) — f(b)) (a — b) > |f( ) — f(b)|? for all a,b € R, where Ly denotes
the Lipschitz constant of f. Slnce pei, T) and @5, are Lipschitz-continuous and
monotone, one thereby gets

i—1 2

esi Hm)

i i i Loy Lri+Ley P2
(€5t = €t €si)q, + <§ + 2At> <”6571H91 B ’

; 2
Op”(sm ) = pea(SP |e§l1‘)ﬂl = (%zz B ﬁ;) ’p”(s]ﬂ - ch(Sf)HQL
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(e oA || TsETH-Tish)
2L7, L,
97}

At
Skw I_Sk 1 gk _gk—1 2

+ — ) o S A
254” Lq> l 6,1 At o :
l

_|_

N D >

Since £,; > 0L,.;, Lr; > Lr;/2 and Ls; > Lg,,;/2 by assumption, the right-
hand side can be neglected. Furthermore, using the bound mpml|Sl’“’“1 — Sk <
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1Pes(S;1) = pes(SF)| from Assumption 4.1, one obtains

2

Omyp, .
S,

0 (ei;n,l - 6;“,,l7 eAiS',l)Ql + 9 o
L 1 L N + L 1 P2
G [ (G

Multiplication with ¢;(0At)~! finally leads to

6171‘

2
€, H <0.
4 lg,

2

i—1
l

. . e om
7 7 S,l U"pe,l
orle —e + ’ e
( prob TPl Ay )Q 2At ,
l

s
< b Ly n Lr;+ La, ‘
— OAL 2 2A¢

Combined error estimate. Summation of the estimates (4.33)-(4.35) yields

]

. 2 .
ef{llHQl - HngH;l) . (4.35)

Om 2
Z Ao 1HK1/2V6p z” +C](At)‘65l‘
[97] Q,
ae{n,w}
1 i1 2
< ALy Z <HegalHr ‘ €ga,3— zH >
ac{n,w}
o (Lpy | Lri+ Loy i_1]1? PR
toar (0 Traar ) lesil, sl )
where by assumption
dimp,. 9[& lMp2 !
C At L’ — @ @y O
(A) = 2At Z 2my, 1 >

ac{n,w}

By summing the estimates for [ € {1,2} and i =1,2,...,r, one gets

esz H

YOS metee | +22a

=1 [= l(ye{nw}
2
R Loy Lri+ Lo 2
e X | el s> ;lﬂgmm)uegﬁu-
=1

=1 ae{n,w}

or

Since the righthand side is independent of r, we conclude that the series on the
left are absolutely convergent. Therefore, Sl’” — SFin L%(Q;) and the Poincaré in-
equality implies pi’fl — p’;’l in W;. To show the convergence of the gi’j, we consider
again (4.28) and (4.29), and take the limit « — co. By continuity one obtains

lim (egml, faJ)F =0

1—00
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for any &,; € W;. Since the trace operator is surjective onto Héf(l“), which is
dense in L*(T'), we conclude ¢/ , — 0 in L*(T) as i — oo. Additionally, one can
directly obtain ¢! , +el %y , — 0 in L(T) by (4.30). O

4.4.2. LDD-scheme 11

The existence of a unique solution to Problem LDD-2 is again a consequence of the
linearization, but using additionally the contraction property in (4.26).

Lemma 4.3. Problem LDD-2 has a unique solution if Assumption 4.1 is fulfilled,
0 € (0,1], and it holds At < gr——.

Proof. Since pill 'Ip € L3(I), (4.20) uniquely provides g’” € L*(I) for a € n,w
and [ € {1,2}. After multiplying (4.26) by At and adding Sl’C ! the lefthand side is
Slk”‘, while the righthand side, considered as function

Fi(SF) == 8kt 4 Atow, (pf;; b phit = pea(S) )) + At(1—0)TF1 (4.36)
maps L?({;) into itself. Moreover, for s, € L?(§Y;), it holds
1Fi(s) = Fi(r)llq, < At0Lw Ly, s = 7llg, -

By assumption At0Ly L, ; < 1, so Fj is a contraction, and the Banach fixed-
point theorem yields the existence of a unique solution Slk” € L%(y) to (4.26).
Reordering of the sum of (4.23) and (4.24) leads to

Lot (P3 =Pl St = ua) 40 D2 (aa(SPOKIVEG, Vear)

ac{n,w}

+ > Lo (o Ga) = D0 (b fa,z) + ¢ (S Ent — Ew,z)m

ae{nw} ac{n,w}

Q

ki—1 k i—1
+ Ep l (pn i Py fn 1 — fu},l)Q
1

+ (1 - ‘9) Z (uiﬁ_lv Vgoz,l)Q - Z (gff,é’ fa,l>ra

ae{n,w} ! ae{n,w}

1

where the righthand side is independent of p b and pwl As before for the first
scheme, the first term on the lefthand side is positive semi-definite with respect
to the product space [W,]?, while the remaining terms of the lefthand side form
a symmetric, coercive and continuous bilinear form on [W;]? by Assumption 4.1,
6 > 0 and Lr > 0. The righthand side is a continuous linear functional on [W;]?,
hence by the Lax-Milgram lemma, a unique solution (pi;,pwl) € [W))? exists for
le{1,2}. O

To prove the convergence of the LDD-scheme II, we derive a-priori estimates
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for the errors between the solution to Problem LDD-2 and the solution of the limit
equations. These estimates then yield the convergence for any initial guess.

Theorem 4.2 (Convergence of the LDD-scheme II). Let Assumption 4.1 be ful-
filled, and let § € (0,1] and 7, > 0 be fixed. Assume that a solution (S*,pk pk) eV
of Problem 4.2 exists and satisfies ||Kll/2Vp’;7l||Loo(Ql) < M, .and u’;f ny € L*(T).
If the stabilization parameter is sufficiently large and the time step is small enough,

1 1
201 L, Lot
2 2 2 p
Z 20[’\1’ ILI? lCQL _|_ gLia»lMpzowl
My, ZKL ¢12m>\w-,l
ac{n,w}

Ep,l > 2(25[0.[/\1/,[, At S m At S

for | € {1,2}, the sequence of solutions of Problem LDD-2 converges towards the
solution of Problem 4.2 independently of the initial guess (S*°, pk:0 pk:0) € W and
92’,? € L%(T) for | € {1,2} and « € {n,w}. More precisely, it holds

SPt = SEin L), ply = phy in Wi gay = ghy in LP(D)

forl € {1,2}, a € {n,w} as i — occ.

Proof. We define the iteration errors by

Pasl

k, > ; ki ; ki >

ey =5 = S € L* (), e, 1= Poly = Pag €Wis €y =91 — gay € L2(D),
_ _ ki i

eh 1t EWL ey =0 = Wy(ph ) —plh ) — pea(S)) € LA(D).

epc N = epn [

Subtracting the limit equations (4.14)-(4.16) and (4.12) from (4.23)-(4.26) gives

i k,0,i k.0
( At ) §n l> + Acp,l (6, Pml’ f?’l l) - (un,l - un,[a vfn,Z)Q
o o !

+ (Lreh, 1+ €h i Ent)p =0, (4.37)

o] <GASZ, &m)ﬂl — Ly (626,1 —e ), fw,z)ﬂl - (ufugl’ — uﬁ, ngJ)Ql
+ (Lrep,  +eb, 1 Ewi)p =0, (4.38)
620 2£F€p 317 ; 13 , in L(T), (4.39)
=000 - ) in LA(Q). (4.40)

As for the proof of Theorem 4.1, we derive estimates for the errors at iteration 1
depending on those of the previous iteration ¢ — 1. This is done separately for
(4.37), (4.38), and (4.40) using the monotonicity of the coefficient functions. For
(4.39) we use the estimate (4.32) from the proof of Theorem 4.1. Combining the
estimates, the convergence of the solution follows from the absolute convergence
of the series of errors.
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Error estimate on the saturation. Equation (4.40) yields
At HESZ|Q —QH\I/klilllkH <0H\Ilk,b*\1/l(pnl pwl ppl(SkZ))’

+0 H‘I/z pE =k = pea(SPY) — Uf

< 0l illg, +0Lwilp . [[e o,

Q

197}

In the last step, the Lipschitz continuity of ¥, and p.; is used. Multiplying by At
and using At < (20Ly L,, ;)" " yields

lesllg, < 20At[ley,|| (4.41)

Q-

Error estimate on the non-wetting pressure. Note that (4.39) again leads to
(4.32). Therefore, testing (4.37) with &,,; = €], , yields

esy i i i—1 i ki i
—& <At ) pn-,l> +Lp (epc-,l R epn,l>9 +0 ( n l(S )Klvep 3 vepml)Q
o 1 1

el

By the lower bound m,, ; on X, ;, the Lipschitz continuity of A, ; and the bound on
the pressure gradient, one obtains with the Cauchy-Schwarz inequality

1+1
gnl

i ; 1
= —9 (()\n,l<slk7 ) — /\n,l(Slk))Klen 1 Vepml>ﬂl +E (‘ e

N

e sl

, 2
esa i i -1 i /2
- ¢l ( At ? elmJ)Q + ‘Cp,l (epcvl - epc,l’ epnvl) + am)”“l HK vepn;l
1

1+1
gnsl

<OLx, My, 1 |les, |, HKI Ve pmlH + ALp <’ €

Young’s inequality and estimate (4.41) lead to

2

esi i i -1 i fma,, 1 KY/2vei

— & <At ) epn,l) + Ly (epu’l L epml)g + 2 H Vep,. Q
(7] i 1

2At293L§ lM2

2 1 i1
mx,,i Heq”lHQl - ALy (‘ ‘

gnsl

L lesall) @)

Error estimate on the wetting pressure. Testing (4.29) with &,; = e . and
following the same steps as for the non-wetting pressure equation yields

2

esa i i i—1 i em/\w, 1/2q i

P < pw,l> —Lpa (6pc,l —Cp. b epw,l>Q + HK Ve, i Q
Q 1 1

< Puw,l 4

= ma H ‘I’JHQZ ALy

wsl

QAPOILY M2, o 1 .2
(el ~|

el ) (4.43)
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i—1
epc l

p(‘7 De,l

o lebea =i

Combined error estimate Addition of the pressure estimates (4.42) and (4.43)
yields by the identity (a — b)a = (a* — b* + (a — b)?)
e i Ly i |2 2
— ¢ (Asilv epc,l)Q + 9 (Hepc,l ’Ql - ’ Qz)
L
9mA 1/2 2 1 i
+ Z HK / Vep lH = Z Hega ZHF ’ 91713 lH
Ql 4£1“
ae{n,w} ac{n,w}
2At293L2 M2
+ Y - e, l||Q (4.44)
Nasl
ac{n,w}

The first term on the lefthand side can be estimated as follows. Using (4.40) and
U= Wy (pk -l — pes(S;")), one obtains

€51 i _ ek i—1 ki . .
At Cpoil =\ At Cpel ~ Ep.l +0 (\III L A A e, l)
9] o 197

< llebullg, EICTE N

+0 (0 = (k) =y —pea(SD) €t -
l

i i—1
epcal epc7l

Since ¥; and p.; are decreasing and Lipschitz-continuous, one gets

i . 1 )
(% 5),, = qiltil

+9L\I/,1mel||eisz||91 Z ‘e

ae{n,w}
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epcvl epc,l

‘Ql " Tus et [l

i—1
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‘Ql'

With the estimate (4.41), Young’s inequality yields for ¢, > 0

; . 20,02 t294L2 L2 0 .
(eth, %) <[22 el O e,
Q vl

L €

Pl ac{n,w} « ’
Lpi || i1 ’2 + Z ¢ ‘eiq ‘2
2¢, pelllg, TPt

ae{n,w}

The Poincaré inequality (with Cg, the domain dependent constant) leads to

. 2 20472 T2
Soa) < (20, y Sl 0y
At Epel = L, € Ly, v.lllQ,
P ac{n,w} « ’
2
4 Ly, ‘ei _ il ’2 I €aCy, 1/2V i—1 ’2
2¢l Pe,l De,l Q pav Q

ac{n,w} =l
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Multiplying this estimate by ¢;, choosing e, = 0mx,, 1 K;(4¢,C3 )", and adding to
(4.44), one is left with

ﬁ,l ; 2
24 (e

i—1

2 I} 2 _
‘Q) + ) mxa,z HK1/2vepml ’Ql + Ci(At) ||e:p7l||;l

|Ql_‘€pc7l
ae{n,w}
1 P2 i1 [P Gm)\ 1/2¢ i1 2
kS (i) e S e
ac{n,w} ac{n,w}

where

Ci(At) = #2077 ALG* N (

Ly; Ly m,\a,sz my

Oé?l

4¢7L3 L2 ,C3  2L3 M3 l)
L e Mpat |
ae{n,w}

By assumption, £,; > 2¢;0Ly; and At is small enough, such that C;(At) > 0
Then, summation of the estimates forl € {1,2} and i = 1,2,...,r yields

r 2
S Y et kv,

i=1 l=1 ac{n,w}

2 r.o2 )
[ 20D Culan) e,
b= =1
2 2

2 L 2
Z Z gml‘r_'_z ;J HeocJ

o
=1 ae{n,w}

+Z Z em)\ HKl/Qvep l‘i

=1 ae{n,w}

Since the righthand side is independent of r, we conclude that the series on the
left is absolutely convergent. By the Poincaré inequality and estimate (4.41), we
obtain Paz — pl, in W and St — SFin L2(). The weak convergence et 1 —0
in L?(T") can be shown exactly as in Theorem 4.1 by the limit i — oo in (4.37) and
(4.38). O

4.5. Numerical experiments

For the numerical validation of the previous theoretical results, we present sev-
eral numerical studies in two spatial dimensions. We focus on three aspects: the
convergence behavior in space and time of the whole method, the convergence
behavior of the LDD-schemes within single time steps, and the choice of the pa-
rameters. Three examples with manufactured solution are presented, followed by
a realistic application.

The theoretical results above are independent of the spatial discretization, and
thus hold true for all. For Richards’ equation and two-phase flow models with equi-
librium capillary pressure as well as dynamic capillarity, the (mixed) finite element
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method is used in [70,210,254], the discontinuous Galerkin method in [102,187]
and the finite volume method in [51,53,71,99]. General gradient schemes are
considered in [96, 106]. Since the pressure equations are elliptic, we choose here
a standard finite element method (()2) on a uniform, rectangular mesh of width
Ax matching at the interface I'. Note that this choice is in general not possible for
the saturation which lies in L?(Q;). However, in light of (4.12), the regularity of the
saturation is inherited from the initial condition up to SP € H'(€2;). This restriction
of the initial data is used for the following numerical examples to allow the use of
Lagrange finite elements. We use the Crank-Nicolson method (6 = 1/2) in time,
so that discretization errors of order O(At? + Az?) are expected for sufficiently
smooth solutions. At each time step, the LDD-schemes are stopped, when the rel-
ative L2-norm of the difference of subsequent iterative solutions drops below 1078,
To obtain the implicitly given saturation in the LDD-scheme II, the fixed-point it-
eration discussed in the proof of Lemma 4.3 is used up to a residual of 10712,
For simplicity, we take the same linearization parameters on both sub-domains,
Lo:=Ly1=Lgoforac{pT, o}

The implementation is done in C++ using the library deal.II 9.0 [19]. All cal-
culations are performed on a Linux octa-core system.

Note that the mobility functions used in the following examples are not bounded
away from zero as required by Assumption 4.1. However, the initial and bound-
ary conditions are chosen in such a way that a degeneracy does not occur since
the saturation solutions are bounded away from 0 and 1. The same results are
obtained, when the mobility functions are replaced by a regularization )\fm(s) =
max{e, A\o,(s)} for some small € > 0.

4.5.1. Analytic test cases

For the three examples with manufactured solution, one can explicitly compute the
errors and thereby the experimental order of convergence (EOC). For simplicity, we
assume an isotropic and constant absolute permeability K; = Ky = 1 on the whole
domain and a constant porosity ¢; = ¢ = 1. Note that these values have no actual
physical meaning here, and are taken to simplify the manufactured solutions. We
set the final time T = 1, and decompose the domain = (-1, 1) x (0,1) at the
interface I' = {0} x (0,1) into ©; = (—1,0) x (0,1) and Q2 = (0,1) x (0,1).

Note that for an anisotropic absolute permeability K; a suitable spatial discretiza-
tion is necessary to avoid the discretization errors to depend on the ratio between
the largest and the smallest eigenvalue of K;. Furthermore, the direction of the
anisotropy affects the flux across the interface I' and thus the optimal choice of
the parameter Lr.
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Figure 4.2.: Second order convergence in time step size At and mesh width Az
of pressure and saturation is observed for both LDD-schemes in the
case with linear coefficients, but no hysteresis.

Linear coefficient functions without hysteresis

We consider a simple nonlinear problem with linear coefficient functions, but no
hysteresis. These functions are therefore chosen

An(S)=1-5, A(S) =S,  p(S,x)=02-25, T=1, v =0.

The righthand side terms are selected such that the analytic solution is given by

(1 7.11)(1 +£Z?1)2
2(1+1¢)2 ’

1—21)(1+21)?
201+ 1)

(1 — 1‘1)(1 —+ I1)2
2(1+1) ’

pn(ma t) = pw(wa t) =

S(x,t) = ( +0.2.
This corresponds to homogeneous Dirichlet boundary conditions at 1 = +1 and
homogeneous Neumann boundary conditions at x5 € {0,1}. Note that in this spe-
cial case, the two schemes almost coincide, since they only differ in the inverted
capillary pressure equation, which is a linear transformation here, and thus the
results are very similar.

First, we study the convergence order of the two methods with respect to the
time step size At and the mesh width Axz. For the LDD-scheme I, the parameters
are L, = 0.5, Lr =1 and Lr = 0.375 (Ls = 0), while for the LDD-scheme II, the
parameters are £, = 0.5 and Lr = 0.375. Second order convergence of pressure
and saturation is observed for both schemes, as clearly shown in Fig. 4.2 and Ta-
bles 4.1 and 4.2. This even holds for the saturation in the L?(0,T; H()) norm,
which is not covered by the above theoretical results. Note that the results of both
schemes are almost identical because the particular combination of the parame-
ter functions and the linearization parameters incidentally yields almost equivalent
algorithms.

With decreasing time step size At, the average iteration number per time step
and thus the convergence rate stay almost constant for A¢ > 0.025. This pre-
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At Ax ||ep||L2(07T;H1(Q)) EOCp HQSHL2(O,T;H1(Q)) EOCs Avg.-Iter.
0.2 0.2 5.352.1073 5.824-1073 13
0.1 0.1 1.394-1073 1.94  1.463-1073 1.993  12.3
0.05 0.05 3.564 - 1074 1.968 3.670-10~* 1.995 12
0.025 0.025 9.013-107° 1.983 9.192-107° 1.997 115
0.0125 0.0125 2.273-107° 1.987 2.312.107° 1.991 155

Table 4.1.: Convergence study and average number of LDD-iterations per time step
of the LDD-scheme I for varying time step size At and mesh width Ax
in the case with linear coefficients, but no hysteresis.

At Ax ||ep||L2(0’T;H1(Sl)) EOC, |‘€SHL2(O,T;H1(52)) EOCs Avg.-Iter.
0.2 0.2 5.352-1073 5.824-1073 13
0.1 0.1 1.394-1073 1.94 1.463-1073 1.993 12
0.05 0.05 3.564 - 1074 1.968 3.670-107% 1.995 12
0.025 0.025 9.013-107° 1.983 9.192-107° 1.997 11.3
0.0125 0.0125 2.273-107° 1.987 2.312-107° 1.991 16.2

Table 4.2.: Convergence study and average number of LDD-iterations per time step
of the LDD-scheme II for varying time step size At and mesh width Ax
in the case with linear coefficients, but no hysteresis.

asymptotic, constant regime seems to end around At = 0.025, followed by an in-
crease of the average iteration number per time step at At = 0.0125. This increase
is expected, since the convergence rate asymptotically deteriorates for both the
L-scheme and the domain decomposition method. For L-schemes, the converge
rate typically is \/C/(C + At) for some C > 0 (see e.g. [210,254]), and for the
domain decomposition method with optimal parameter, one obtains convergence
rates of 1 — O(v/At) (see e.g. [116,119]).

Moreover, the analysis provides convergence independently of the initial guess.
This can also be observed, when the initial guess in each time step is fixed to
pi0 = pk0 =1 and S*° = 0.75 for the above simulations with At = Az = 0.05. In
this case, the resulting errors |le, || 20,751 (0)) @and |les| L2 (0, 1;m1 () are the same
as in the studies above (£0.1%), only the average number of LDD-iterations per
time step increases by about 20%.

Next, the convergence properties within one time step are considered. Therefore,
the relative differences in pressure and saturation between consecutive iterations

1/2
_— . 2 » .
dy={ > e’ —pe'! e
D T ki 5 S = Sk;,i ,
a€{n,w} Pa L2(Q) L2(@)

are plotted in Fig. 4.3 for the last time step of the above simulations with At =
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Relative difference

10-1 | e | d?, for LDD-scheme I
B —5— di for LDD-scheme I

—4— d}, for LDD-scheme II

10-6 | _|| —— di for LDD-scheme II
-------- Convergence rate 0.231
------ Convergence rate 0.214

107 | ! ! a
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Figure 4.3.: The LDD-schemes converge very fast and linearly in the last time step
of the case with linear coefficient functions, but no hysteresis. Plotted
are the relative differences of pressure and saturation between con-
secutive iterations, together with the fitted convergence rates.

LDD-scheme I LDD-scheme II

r Lr
R I

0.55 - s

0.35 0.35 |-
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Figure 4.4.: Parameter dependence of the average number of LDD-iterations per
time step for At = Az = 0.05 in the case with linear coefficients, but
no hysteresis. For simplicity, £, = 0 for LDD-scheme I.

Ax = 0.05. Note that the smooth decline of the relative difference in pressure
might be due to the aggregated measure d;, involving the non-wetting and wetting-
pressures. Since the method includes domain decomposition and some lineariza-
tion parameters for the L-scheme are below the Lipschitz constants of the coef-
ficient functions, monotone convergence cannot be expected, as also visible for
the relative saturation differences dis. Nevertheless, the results indicate a very
fast, linear convergence. This fast convergence depends on a proper choice of
the parameters. To analyze the dependence, we compute the average number of
LDD-iterations per time step for several simulations with varying values of £, L1
and Lr, while At = Az = 0.05 is fixed. The average number of LDD-iterations
per time step is minimal for a specific set of parameters and increases drastically
for small deviations from that, see Fig. 4.4. The linearization parameters typically
should be chosen as small as possible, but big enough to ensure convergence
(see e.g. [210, 254, 285]). Here, this means that lower bounds from our analy-
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LDD-scheme I LDD-scheme II
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Figure 4.5.: Second order convergence in the time step size At of pressure and sat-
uration is observed for both LDD-schemes in the case with nonlinear
coefficients, but no hysteresis.

sis (see Theorems 4.1 and 4.2) should be good predictions. They are £, > 1/2
and Ly > 1/2 for the first scheme and £, > 1 for the second one, and they are
indeed very close to the optimal ones. On the other hand, theoretical prediction
of the domain decomposition parameter Lr is usually based on the Fourier trans-
formation [65,116, 119], which cannot be directly applied to nonlinear problems.
Therefore, there are no such predictions available yet for this type of nonlinear
equations.

Nonlinear coefficient functions without hysteresis

Next, we consider a problem with nonlinear coefficient functions, again excluding
hysteresis. These functions are

M (S) = (1 - 89)?, Aw(S) = S, pe(S,x) = —52, 7(S) =5, v =0.
The righthand sides are chosen in such a way that the analytic solution is given by

(3 - 2t)(3 + 2(1’2 — xl))Q
400 ’
(3—|—2($2 —Il)) 1+t

S(@,1) = = ,

(3 - 2t>(3 + 2(172 — 1‘1))2
400 ’

pu(@,t) =1— puw(®,t) =1+

where the corresponding boundary conditions are for simplicity the given exact
values, i.e., inhomogeneous Dirichlet values on the whole boundary 9€). Note, that
the solutions are polynomials of degree two, and thus the spatial discretization
(@Q2) is exact, so that the mesh width Ax = 0.05 is fixed in the following. The
parameters are £, = 0.5, L7 = 0.55 and Lr = 2.65 (Lo = 0) for the LDD-scheme I,
while £, = 1.5 and Lr = 2.65 for the LDD-scheme II.

As before, second order convergence in At is achieved by both schemes, again
even for the saturation in the L?(0,7; H'(Q2)) norm (see Fig. 4.5 and Tables 4.3
and 4.4). The average number of LDD-iterations per time step is two times big-
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At ||ep||L2(0’T;H1(Q)) EOC, ||6S||L2(O’T;H1(Q)) EOCs Avg.-Iter.

0.2 1.363 - 103 3.712-10~4 51.8
0.1 2.573-1074 2.405 8.829-107° 2.072 46.6
0.05 6.370-107° 2.014 2.174-107° 2.022 43.2
0.025  1.584-107° 2.007 5.519-10°9 1.978 41.6
0.0125 4.126-106 1.941 1.665-1076 1.729 41.1

Table 4.3.: Convergence study and average number of LDD-iterations per time step
of the LDD-scheme I for varying time step size At in the case with
nonlinear coefficients, but no hysteresis.

At ||ep||L2(07T;H1(Q)) EOC, ||€S||L2(07T;H1(Q)) EOCs Avg.-Iter.

0.2 6.017-104 3.036- 104 49.6
0.1 1.345-1074 2.162 7.200-107° 2.076  44.5
0.05 3.181-107° 2.08  1.750-107° 2.04  40.1
0.025  7.733-106 2.04  4.305-1076 2.023  36.6
0.0125 2.020-106 1.937 1.076-107° 2 33.6

Table 4.4.: Convergence study and average number of LDD-iterations per time step
of the LDD-scheme II for varying time step size At in the case with
nonlinear coefficients, but no hysteresis.

ger than in the previous example due to the stronger nonlinearities. This time, it
even decreases for decreasing time step size At, which indicates here an early
pre-asymptotic regime, where the smaller differences between solutions of con-
secutive time steps lead to a smaller number of necessary iterations. Fixing the
initial guess (S = 0.25 and p,, = p,, = 2) results in the same errors |le, || 20,711 (2))
and |les|| 20,1 H1()) (£0.3%) as in the above studies with At = 0.05, but in a
significantly increased number of iterations per time step (an increase of 71% and
89% for LDD-scheme I and II, respectively).

Next, the convergence properties of the methods within one time step are dis-
cussed. In the last time step of the above simulations with At = 0.05, we observe
again a fast and almost linear convergence (see Fig. 4.6). The dependence of the
average number of LDD-iterations per time step when varying the LDD-parameters
Ly, L7 and Lr is computed for several simulations where At = 0.05 is fixed. As
visible in Fig. 4.7, the parameter dependence shows a different behavior in this
case. Only the second scheme has an optimal parameter set, whereas the first
one shows improving convergence for decreasing L1 \, 0.6, until it suddenly does
not converge any more. The latter agrees very well with the theory, which predicts
L, >1and Ly > 1/2 for the LDD-scheme I, while £, > 1 for the second one is
again very close to the optimum at 1.5. Furthermore, small deviations from the
optima have less impact than in the previous example.
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Figure 4.6.: The LDD-schemes converge fast and almost linearly in the last time
step of the case with nonlinear coefficient functions, but no hysteresis.
Plotted are the relative differences of pressure and saturation between
consecutive iterations, together with the fitted convergence rates.
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Figure 4.7.: Parameter dependence of the average number of LDD-iterations per
time step for At = 0.05 in the case with nonlinear coefficients, but no
hysteresis. For simplicity, £, = 0 for LDD-scheme 1.
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Figure 4.8.: Second order convergence in time step size At and mesh width Ax of
pressure and saturation is observed for both LDD-schemes in the case
with linear coefficients, including hysteresis. The accuracy of the first
scheme is limited by the regularization (parameter §), as visible for
e.g. the saturation. The mesh width is Az = At/2 for LDD-scheme I
and Az = At/4 for LDD-scheme IL.
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Linear coefficient functions including hysteresis

Finally, we consider a problem including hysteresis, where the linear coefficient
functions are

A (S)=1-5, Aw(S) =5, pe(S,x) = =8, T=1, v =1

Since hysteresis occurs during the change between imbibition and drainage, we
construct righthand side terms which yield the following manufactured solution

3 cos ((to(x) — 1)) if t < to(),
S(a,t) = { L f tol) < < t1(x),
Lcos ((t—ti(x))?) ifty(z) <t,
1— 3 cos ((to(z) — t)?) if t <tolx),
pn(x,t) = 655(t x) — 1564t ) + 10&3(t, @) + 5 if to(x) <t < t1(x),
2 — L cos((t — t1(x))?) if t1(x) < t,

2+ +/(to(x) — t)%sin ((to t)?) if t <to(x),
z)

pu(®,t) = { —66°(t, ) +15£4(t - 1053(15 x)+2 ifto(x) <t <ti(x),
1— /{t—t1(®))Zsin((t — t1(x))?) if t1(z) < t,
where

The corresponding boundary conditions are simply chosen to be of inhomogeneous
Dirichlet type at z; = +1, and of homogeneous Neumann type at zo € {0,1}. For
the LDD-scheme I, the regularization parameter is chosen § = 5-10~% and the LDD-
parameters are £, = 0.5, L1 =2, Lo = 10% and £r = 0.375. In this case, we use
a reduced stopping criterion for the LDD-scheme of 10~7. For the LDD-scheme 1II,
the parameters are £, = 0.33 and Lr = 0.375.

As before, second order convergence with respect to the time step size At and
mesh width Ax is observed for both schemes, until the errors due to regularization
are dominating in the first scheme (see Fig. 4.8 and Tables 4.5 and 4.6). Here, the
inverted formulation of the second scheme is clearly advantageous. While the first
scheme needs a huge parameter L4 for a moderate regularization parameter ¢ due
to the steep slope in the capillary pressure equation near zero, the second scheme
has no such restriction due to the inverted formulation. Therefore, the average
number of iterations per time step for the LDD-scheme I is huge, which makes this
scheme unpractical for such problems. In contrast, the average nhumber of iteration
for the LDD-scheme II is much lower, which again shows that the latter is the
preferable method for this type of applications. As before, we observe the iteration
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At Azx H€p||L2(0_’T;H1(Q)) EOC, HGS'”LZ(O,T;Hl(Q)) EOCs Avg.-Iter.

0.5 025 0.161 7.739-1072 5,525
02 0.1 4.600 - 10~2 1.364 6.891-1073 2.64 4,890
0.1  0.05 1.196 - 1072 1.943 1.688-1073 2.029 4,380
0.05 0.025 3.215-1073 1.895 2.336-1073 —0.469 3,900

Table 4.5.: Convergence study and average number of LDD-iterations per time step
of the LDD-scheme I for varying time step in the full analytical case with
linear coefficients including hysteresis.

At Ax ‘|€pHL2(O7T;H1(Q)) EOC,, HeSHLZ((LT;Hl(Q)) EOCs Avg.-Iter.

0.2 0.05 1.534 - 1072 5.631-1073 17.8
0.1 0.025  3.788-1073 2.018 1.309-1073 2.105 17

0.05 0.0125 9.454-1074 2.002 3.147-107% 2.056 16.5
0.025 0.0063 2.345-107% 2.011 7.640-107° 2.042 15.6

Table 4.6.: Convergence study and average number of LDD-iterations per time step
of the LDD-scheme II for varying time step in the full analytical case
with linear coefficients including hysteresis.

number to decrease for decreasing time step size due to the pre-asymptotic regime.
Furthermore, if the initial guess is fixed to S*° = 0.75 and p*¥ = p*? = 1 in each
time step, the errors are similar to those in the original studies with At = 0.1,
(+35% for LDD-scheme I, £0.1% for LDD-scheme II).

The convergence is almost linear for both schemes, but only the LDD-scheme 11
is fast (see Fig. 4.9). The first scheme has a convergence rate of 0.999 and thus
should not be used for applications including hysteresis, or at least needs to be
improved by e.g. localizing the LDD-parameter. Nevertheless, it has good conver-
gence properties within the first few iterations, and hence could be used as a
preconditioner. The dependence of the average number of iterations per time step
on the LDD-parameters L4, £, and L1 based on several simulations with fixed dis-
cretization is similar to the previous example. Only the LDD-scheme II has a clear
optimal parameter set, whereas the first one shows almost no dependence on the
domain decomposition parameter Lr (see Fig. 4.10). The lower bounds from our
analysis are in this case £, > 1/2, L1 > 1/2 and Lg > 10° for LDD-scheme I and
L, > 1 for the second one. For the first scheme, this coincides very well with the
observed optimum, while the bound for the second one is too restrictive for this
application, but a good indicator of the optimal region.
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Figure 4.9.: Both LDD-schemes converge almost linearly, but only the second one
is fast in the last time step of the case with linear coefficient func-
tions including hysteresis, for At = 0.05 and Az = 0.025 (left) or
Az = 0.0125 (right). Plotted are the relative differences of pressure
and saturation between consecutive iterations, and the fitted conver-
gence rates.
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Figure 4.10.: Parameter dependence of the average number of iterations per time

step in the case with linear coefficients including hysteresis. Left:
§=5-10"%, At =0.1, Az = 0.05. For simplicity L, = Ly = 0. Right:
At =0.1, Az = 0.025.
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Value

Parameter Symbol o, Q, Unit
Porosity é 0.4 0.3 m?
Absolute permeability K 3.0-1071 50-1071° m?
Material-specific pressure P 1.25-103 1.0-103 Pa
Retention exponent m 0.8 0.7 —
Residual saturation, non-wetting phase Snr 0.1 0.05 -
Residual saturation, wetting phase Swr 0.1 0.05 -
Typical redistribution parameter 7 2.0-103 1.5-10° Pas
Hysteresis pressure parameter o 200 100 Pa
Density of the non-wetting phase Pn 1.0 kg/m3
Density of the wetting phase Puw 1.0-103 kg/m3
Gravity (positive z-direction) g 9.81 m/s?
Viscosity of the non-wetting phase Lon 2.0-107° Pas
Viscosity of the wetting phase L 1.0-1073 Pas

Table 4.7.: Parameters of the van-Genuchten-Mualem model in the two sub-
domains for the realistic case.

4.5.2. Realistic test case

This last subsection is dedicated to the study of a realistic problem including gravity.
To this end, we choose a van-Genuchten-Mualem parameterization [318], with the
relative permeabilities and the equilibrium capillary pressure given by

bnl9) = VT~ Sar (1= S5 kal9) = VEar (1 (185"

pe(S,x) =P <Se_ff1/m — 1)1 " (P — pw)gza, Seff 1= %7

— Swr — Sor
where the effective saturation Seg accounts for the residual saturations S,,,. and
Swr. The capillary pressure is scaled by a material-specific pressure P, and the
retention exponent m > 0 determines the steepness of the S-shaped curve. Note
that this choice of p.. limits the possible range of S to (S, 1 —Sy.]. Since p.(s, x) —
—(pn — pw)gx1 @as S — 1 — S, while p.(s,x) — oo as S — S, independently of
the chosen parameters P and m, this excludes the occurrence of entry-pressures
as discussed in Remark 4.1. Furthermore, we include dynamic capillarity and hys-
teresis by constant 7 and v within each sub-domain. All the parameters are listed
in Table 4.7 and inspired by the choices made in [277].

To obtain the non-dimensional equations (4.1)-(4.6), we choose the scaling pa-
rameters L =1 m, p* =2.5-10% Pa and 7* = 1.5 - 10® Pas and

T* K
)\a(S):;ka(S)a Kzﬁ
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The domain 2 = (—0.5, 0.5) x (0,1) is decomposed into two sub-domains at the
interface I = {0} x (0,1). We choose the final time T' = 400 (real time 240 s) and
initial conditions with almost constant saturation given by

n L w
P (@) = 0.75 — 22920, — 0.75 - 0.003924z1,  p(x) = —ppf 1 = —3.924z1,
) 0.2431 if @1 < 0,
S%z) =p.t (p)(x) — Pl (z)) ~ )
0.2414 if 2y > 0.

The boundary conditions at 1 = 0.5 are of constant Dirichlet type, to match the

initial conditions, except for p,, at x;1 = —0.5 given by
0.015¢ if t <25,
0.375 if 25 <t < 100,
Pwl, _ g5 = 1962+ ]
! : 0.015(125 —¢) if 100 < ¢ < 130,
—0.075 if 125 <'t,

whereas the boundary conditions at z; € {0,1} are of homogeneous Neumann
type. By this choice, we simulate an imbibition and drainage cycle. The order of
the spatial discretization is reduced to one, i.e., piece-wise linear, and the toler-
ance for the LDD-schemes is 1079, since the solution is less smooth than in the
analytical cases. In contrast to the manufactured examples above, we only study
the convergence of the LDD-schemes within the time steps. Therefore, the mesh
width Az = 0.02 and At = 0.1 are fixed. Note that the time step size here is about
100 times larger than in [277]. This might partially be a consequence of the dif-
ferent parameters and scaling, but also due to the L-scheme, whereas the Newton
method is used in [277].

The choice of the parameters and the results are shown in Table 4.8, and the ob-
tained solutions for Lr = 0.25 at time ¢ € {100, 200,400} are depicted in Fig. 4.11.
The solutions of both methods are very similar and the imbibition and drainage
cycle can be clearly observed. The small small peaks near x; = 0 probably result
from the hysteresis. Due to the higher permeability in the second domain, the
latter imbibes the wetting phase from the first domain, such that the region in
the first domain close to the interface is rather draining. Together with the differ-
ent equilibrium capillary pressure, this leads to a saturation discontinuity at the
interface. Note that the L?((0,T) x I')-norm of the flux jumps due to the domain
decomposition is below 1073, and thus smaller than the expected discretization
errors. Furthermore, they decrease when the time step size and the mesh width
are reduced, although at a sub-linear rate (see Table 4.8). The norms of the jump
in the pressures remain one magnitude lower. Hence, the possibility of humerical
artifacts cannot be excluded with certainty. Again, the huge parameter L¢ slows
down the LDD-scheme I, whereas the second scheme has no such restriction. Al-
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Lr =0.25 At Az Avg.-Iter. H[[pa]]HL?((O,T)XF) [ - n]]HL?((o,T)xF)
0.5 0.1 1480.3 6.22-107° 1.68- 103
LDD-scheme I | 0.2 0.05 954.8 8.29-107° 1.32-1073
0.1 0.02 626.5 1.13-107% 9.89.10~*
0.5 0.1 410.8 9.77-1076 1.61-1073
LDD-scheme II | 0.2 0.05 212.7 1.65-107° 1.06 - 1073
0.1 0.02 69.9 3.65-107° 4.42.10~4

Lr =0.01 At Az Avg-lter |[[[palll2oryxry e - 2l 2o, r)<r)
0.5 0.1 147.4 5.31-107° 1.67-1073
LDD-scheme I | 0.2 0.05 134.4 5.76 - 107° 1.33-1073
0.1 0.02 128.5 8.60-107° 1.00- 1073
0.5 0.1 3934 1.72.107° 1.65-1073
LDD-scheme II | 0.2 0.05 209.8 2.21-107° 1.21-1073
0.1 0.02 7.7 1.54-107° 1.05-1073

Table 4.8.: Average number of iterations per time step and L?((0,T) x I')-norm of

the jump in pressures and of the jump in the fluxes for the realistic
problem for varying time step At and mesh width Az with two param-
eters Lr = 0.25 (top) and L = 0.01 (bottom). The other parameters of
the LDD-scheme I are £, = 1.0, L7 = 1.3, Lo = 40 and § = 1073. The
other parameter of the second scheme is £, = 2.0.

t =100 t =200 t =400

0 p. (LDDT) B 0 pn (LDDT) pn (LDD I)
--=-p, (LDDI) --=-pu (LDDI) --=-p, (LDDI)
----S(LDDI) ----S(LDDI) ----S(LDDI)
—1f|—pn (LDD 1I) 4 —1f|—p. (DD ) —1}|—pn. (LDD 1)
—— p,, (LDD 1I) —— p., (LDD II) —— p,, (LDD II)
—— 5 (LoD 1) —— 5 (LoD 1) —— 5 (LoD In)
72 Il Il Il 72 Il Il Il 72 Il Il Il
0.5 —0.25 0 0.25 05 =05 —0.25 0 0.25 05 =05 —0.25 0 0.25 0.5

Figure 4.11.: Numerical solution for the realistic case over z, at x5 = 0.5 and the
times ¢t = 100 (left), t = 200 (center) and t = 400 (right). Dashed:
LDD-scheme I. Solid: LDD-scheme II.
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Figure 4.12.: Both LDD-schemes converge very slowly and rather monotonous, at
times ¢ = 150 and ¢ = 250 of the realistic case for At = 0.1 and
Az = 0.02 with L = 0.25. Plotted are the relative differences of pres-
sure and saturation between consecutive iterations, together with
the fitted convergence rates.

though the average number of iterations per time step for the LDD-scheme I is
much smaller than in the last example, the average number of iterations per time
step for the LDD-scheme II is up to eight times smaller for small time step sizes.
Note that both schemes are used with smaller linearization parameters than those
required by our analysis in Section 4.4, but give rise to better results than the
required ones.

This time, we consider the convergence properties of the methods within one
time step at the times ¢ = 150 and ¢ = 250. The first is shortly before the flow
passes I', while the process switches at I' from imbibition to drainage around
the latter time. For both schemes, we observe convergence rates close to one
(see Fig. 4.12), such that both schemes are slow and should be improved by
e.g. localized linearization parameters. Nevertheless, the convergence is almost
monotonous, and the differences again decrease rapidly at the beginning. Since
such problems would require different parameters for the two sub-domains, which
makes a proper choice even more challenging, here we do not study the effect
of varying parameters. However, note that the choice of L strongly affects the
efficiency of the first LDD-scheme, while the second one seems rather robust.

4.6. Conclusion

Linearization and domain decomposition can be combined into one iteration, the
LDD-scheme. For the considered non-equilibrium two-phase model, the proposed
LDD-schemes lead to unique solutions, which converge towards the semi-discrete
solutions of the model, as proven in Section 4.4. This convergence is global, i.e.,
independent of the initial guess, and requires only a mild restriction on the time
step, independent of the spatial discretization. The inverted formulation for the
capillary pressure in the LDD-scheme II avoids the necessary regularization for
the original formulation in the LDD-scheme 1.
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The stability and robustness of both LDD-schemes were numerically verified for
several spatially two-dimensional cases. The convergence rate can be improved
significantly by a proper choice of the LDD-parameters. In particular, we pointed
out the practical advantages of the second scheme, when hysteresis is present.
While the analysis leads to good estimates for the linearization parameters, an
estimate for the domain decomposition parameter is still an open problem.

The methods can be generalized, when the porosity ¢ and the dynamic capillarity
coefficient T are spatially variable, and when the hysteresis coefficient v depends on
the saturation S. Furthermore, the required regularity of the parameter functions
may be relaxed to Holder continuity as in [48,262]. The degenerated cases \,,(0) =
0 and A\, (1) = 0 involve difficulties which need to be investigated in future, as well
as vanishing dynamic capillarity 7 = 0. Nonlinear interface conditions for entry-
pressure models can be studied as soon as extensions for the case of dynamic and
hysteretic capillarity are available.

The convergence properties of the schemes can be further improved by choosing
the LDD-parameters depending on the position or the current solution. Finally, an
a-posteriori error analysis can lead to estimates for efficient and adaptive stopping
criteria, which would increase the performance even more.






Chapter

Consistent and asymptotic-preserving
finite-volume Robin transmission
conditions for singularly perturbed
elliptic equations

This chapter is based on the following publication [125]:

e M. ]J. Gander, S. B. Lunowa, C. Rohde, Consistent and Asymptotic-Preserving
Finite-Volume Robin Transmission Conditions for Singularly Perturbed Elliptic
Equations, in: Domain Decomposition Methods in Science and Engineering
XXVI, Springer (2022), pp. 419-426. In press.
link.springer.com/book/9783030950248
Copyright © 2022, Springer Nature. Reproduced with permission.

5.1. Introduction

Adaptive Dirichlet-Neumann and Robin—-Neumann algorithms for singularly-per-
turbed advection-diffusion equations were introduced in [75], accounting for trans-
port along characteristics, see also [130] for the discrete setting and damped
versions using a modified quadrature rule to recover the hyperbolic limit. Non-
overlapping Schwarz domain decomposition methods (DDM) with Robin transmis-
sion conditions applied to advection-diffusion equations were analyzed in [35,239]
and a stabilized finite-element method for singularly perturbed problems was dis-
cussed in [212], see also [120, 121] and references therein for heterogeneous
couplings. However, the behavior of these DDMs in the limit of vanishing diffusion
has not been addressed.

Our goal is to develop finite volume Robin transmission conditions such that the
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associated non-overlapping DDM is consistent and asymptotic-preserving. Consis-
tent here means that, for fixed mesh size, the discrete DDM iterates converge to the
discrete solution on the entire domain, and asymptotic-preserving means that the
singular limit in the DDM vyields a convergent limit DDM (for more on asymptotic-
preserving methods, see e.g. [176]). We first show that the continuous DDM is only
asymptotic-preserving under a strict condition on the Robin transmission parame-
ter, see Theorem 5.1. In contrast, our new discrete DDM is asymptotic-preserving
without restriction on this parameter, see Theorem 5.3, and fast convergence is
automatically recovered in the hyperbolic limit. While our analysis is in one dimen-
sion, we show numerical experiments also in two dimensions; for the nonlinear
space-time case with triangular meshes, see [124].

5.2. The continuous problem and non-overlapping DDM

We consider for v > 0, a > 0 and f € L?(—1,1) the stationary advection-diffusion
equation with homogeneous Dirichlet boundary conditions, i.e.,

VOppu —adzu = f in Q:=(-1,1), u(-1)=0, vu(l)=0. (5.1)

In the singular limit v = 0, the partial differential equation in (5.1) becomes
(trivially) advective, and the boundary condition collapses into the inflow condi-
tion u(—1) = 0 only. It is easy to see that there exists a unique weak solution
u € HY(—1,1) of (5.1) for v > 0.

We apply a non-overlapping DDM with two sub-domains ©; = (—1,0) and Qy =
(0,1) to (5.1). The problem (5.1) is then rewritten using at = 0 the Robin trans-
mission conditions

Bi(u) = voyu —au+ du, By(u) = —vdyu+ au+ Au, A >0. (5.2)

Definition 5.1 (Continuous DDM). Let u) € H'(Qs) be given. For i € N, the i-th
continuous DDM-iterate (u},u}) € H'(Q;) x H*() is given as solution of

VOpatly — adyul = f in Q, (=1,2, (5.3)
ui(~1) =0, vuy(1) =0, (5.4)
VBl(ui) = 1/81(u§71)7 Bg(ué) = Bg(ui) at z=0. (5.5)

Here, the iteration is sequential starting on the left sub-domain following the
direction of the advection. Alternatively, it can be started on the right sub-domain
or in a parallel manner, and the analysis below applies then analogously. Note that
(5.3)-(5.5) is equivalent to (5.1) in the limit i — oc. In the limit when v — 0, we get
the stationary advection equation, and the two Robin transmission conditions (5.5)
degenerate into one Dirichlet transmission condition. Therefore, the multiplication
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of By by v is necessary to remove the transmission condition in the limit v — 0.
The errors ej = ulq, —uf satisfy (5.3)—(5.5) with f = 0 due to linearity. Therefore,
we obtain the explicit solution

Ab(1 — e*z=D/v) if v >0,
0 if v =0,

ei(xz) = Af (e — e /), ey(z)
1=0, eh
where Af, A} € R satisfy the recurrence relations

—a+Al—e")
ae=a/v £ \(1 —e-a/v)"2 7

—ae~ ¥ + N1 — e_”'/”)
a+ A1 —e-a/v)

At = Af = A

This yields the following convergence result.

Theorem 5.1 (Convergence and asymptotic-preserving property of the continuous
DDM). The sequence of continuous DDM-ijterates {(u’i,ug)}iEN from (5.3)-(5.5)
converges point-wise to (ulq,,ulq,). For v > 0, the convergence is linear with
convergence factor

(a— )+ de™/V
(@a+ X) — Xe—a/v

A —(a+ Ne~o/v
A+ (@ — Ne-a/v

p= <1 (5.6)

Convergence in one iteration is achieved iff A = —%_~ or in the case v = 0.

The continuous DDM (5.3)-(5.5) is asymptotic-preserving iff A = \(v) satisfies
[A(v) —a] =0o(1) as v — 0.

5.3. Cell-centered finite volume discretization

We discretize (5.1) and (5.3)-(5.5) by a cell-centered finite volume method. For
given M € N, define the step-width h := 1/M and the volumes V,,, := [mh, (m+1)h]
for —M < m < M. Furthermore, let f,, := [, f(z)dz. We denote the constant,
cell-centered approximation of u in V,, by um,'and encapsulate these for all V,,
in the vector u := (u,,)M-",, € R?M, Using centered differences for the diffusion
and upwind fluxes for the advection, the discrete version of problem (5.1) reads

F(Um—1 = 2Upm + Upi1) + (U1 — Up) = frn fOr =M <m <M —1, (5.7)
F(=3u_pr +u_pry1) —20u_pr = fon, (5.8)

Flunr—2 —3upr—1) +alupr—2 —up—1) = fu-1- (5.9)
Here, we eliminated the ghost values u_j;_1 and uj,; using a linear interpolation

of the boundary conditions. Analogously, one obtains the discrete version of (5.3)
and (5.4), while (5.5) becomes

Bi(uj) = Bi(uy '), Ba(up) = Ba(u)). (5.10)
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Note that there is no multiplication of B; by v in (5.10). This avoids the indefinite
limit case for v = 0, which would require a reformulation. Instead, we will use a
particular type of discretization for B; and Bs, which ensures the correct limit as
v — 0 (for an appropriate choice of the coefficients). In particular, we use centered
differences for the diffusion and linear combinations of the values in V_; and Vj
for the other terms of the transmission condition (5.2) to obtain

Bi(u) = §(uo —u-1) — a((1l — a1)u—1 + aruo) + A((1 — Br)u—1 + Brug),  (5.11)
By(u) = —F(uo —u—1) + a((1 — ag)u_1 + apug) + A((1 — B2)u_1 + Paug), (5.12)

for some aj,as,f1,82 € [0,1]. Note that oy = 5, = 0, I = 1,2, is an upwind
discretization, while the centered choice a; = 5; = 1/2, 1 = 1,2, is typically used in
the diffusion-dominated case v > a to obtain second-order convergence in h.

To eliminate the ghost values u; o and us 1 in (5.7), we solve (5.11) for uy and
(5.12) for u_;. To eliminate up _; in (5.11) and u; o in (5.12), we solve (5.7) for
u1,0 and ug, 1. Inserting the resulting expressions and using (5.10), we obtain the
following discrete DDM iteration.

vBi(u9)

Definition 5.2 (Discrete DDM). For given u3 € RM, let B;(u9) := ek TARE

For i € N, the i-th discrete DDM-iterate (ui,u}) € (RM)” satisfies
%(ué,m—l - QU;m + u%,m—&-l) + a(ug,m—l - u; m) = fm«? (513)

s

forl=1,—-M<m< —-landforl=2,0<m< M —1, and

Y(=3ui _p Ul 1) — 20Ul = o, (5.14)
F(ug proo —3ug pr_q) +alug o —us 1) = -1, (5.15)
Y(uf g —2uf ) 4alu]_o—ul )+ ¥%cuj = f1— By (ub™), (5.16)
#(—2uh g +uby) —auy o+ (F +a)eaus o = fo — Ba(uy), (5.17)
where

By (uh) = %Ué,o — sxan €1 (fo— %(*21‘%,0 + Ulzl) + aué,o) ) (5.18)

By(u}) = (¥ + a)ui,—l — wdohe, (foy — Ful o —2uy 1) —a(uj 5 — Ull,—1)) )
(5.19)

Z4a(l—a1) —A1- F—aag — A
o = b (V 1) ( ﬂl), 2= h 2 P . (5.20)
7 —aay + A3 FHa(l —a)+ A1~ Ba)

Note that (5.13)-(5.19) is uniquely solvable for all v > 0 iff ¢; = O(1/v) and
ca = O(v) as v — 0. The resulting system matrix for u} is weakly chained diagonally
dominant, and thus non-singular. The same holds for uﬁ if c; < 1. Further note
that B; and Bs in (5.16)—-(5.19) are discrete Robin-to-Dirichlet operators, so that
c1 = ¢ = 0 corresponds to Dirichlet transmission conditions, which do not lead to
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convergence without overlap.

5.3.1. Consistency of the discrete domain decomposition method

We next investigate how the coefficients «;, 8;, [ = 1,2, must be chosen to obtain
a discrete DDM that is consistent with (5.7)-(5.9). Since the discretization (5.13)-
(5.15) is the same as (5.7)-(5.9), consistency follows iff the solution to (5.16)-
(5.19) in the limit when i — oo satisfies (5.7) and vice versa. The solution u of
(5.7)-(5.9) solves (5.16)-(5.19), as can be directly seen when inserting it into
(5.16)-(5.19) using (5.7) for m = —1,0. This only requires that vc¢; and ¢y /v are
well-defined for all » > 0 and all A > 0. On the other hand, combining (5.16) and
(5.18) as well as (5.17) and (5.19) yields

F(ur,—2 —2u1, 1 +ug) +a(ur,—2 —ui, 1)

= [t 7ga (fo — %(u1,—1 — 2ug0 + uz,1) — alur,—1 — uzy)),

v

F(ur,—1 —2uz0 +wug1) +a(ur,—1 —uap)

= fo+ ey (foy — ¥(ur,—a — 2uy, 1 +uz0) — alur,—2 —ur,—1)).

We obtain equivalence with (5.7) iff 1 # ci;co. Hence, we have proved the fol-
lowing theorem which provides choices for the transmission condition parameters
aq, as, B, B2 that ensure consistency for all A > 0 and v > 0.

Theorem 5.2 (Consistency of the discrete DDM). The limit of the discrete DDM
iterates (5.13)-(5.19) as ¢ — oc is equal to the solution of (5.7)-(5.9) forall A > 0
if the following conditions hold:

(C1) a1 < & (or equal if 3, > 0), and

ah

(C2) vy =0O(1) as v — 0, i.e. by (C1), v = O(v — ahay + ARS1), and
(C3) ca=0(v)asv —0, ie., az+ B2 = O(v), and
(C4) crea # 1, ie., 0# a?(ag — ar) + A(22 4+ a(Bi + B2 — a1 — az)) + A2(B1 — Ba).

Remark 5.1. Note that the simplest choice of the coefficients, which satisfies The-
orem 5.2 is a1 = as = 2 = 0 and B = 1/2. As shown below, this also yields
convergence for any positive discrete Péclet number Pe := ah/v > 0. Furthermore,
this choice ensures that the discrete DDM is asymptotic-preserving as v — 0 for
any A > 0, as we show next.

5.3.2. Convergence of the discrete domain decomposition method

We split the convergence analysis of the discrete DDM into two regimes due to the
different types of solutions: the elliptic case v > 0 and the singular limit v = 0.
For this, let e! := u — (u},u}) be the error of the discrete DDM at iteration i. By
linearity, e’ satisfies the discrete DDM (5.13)-(5.19) with f = 0.
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The elliptic case v > 0
Then, (5.13)-(5.15) for €’ yield the solution

el — (All (§(m+1)h _ (1 + %>§71)*1 Aé(l + % _ §(m+1)h71)M*1) ’

m=—M" m=0
where we defined ¢ := (1 + Pe). The constants A}, A} € R are determined by
(5.16)-(5.19), which yield the recurrence relations
A A—a+ (acs — A(Pe™" + B1)) 22+P§ef_1 A
(aa1 — )\(Pe_1 + 61)) 22+P}§e + (A —a) !
, acy + A(Pe ™t + By) — (A+a)Zrege-t
AZQ = 2+Pe —1 < 1"47i
()‘+a) 2Pe (aa2 +/\(Pe +B2))£_

)

Therefore, the iteration is linearly convergent iff

A—a+ (aa; — A(Pe! + B1)) 22+Pl§e€_1

=N +a— (acs + A(Pe™" + B2)) 22+Pl§e£—1
acs + A(Pe™! + — N+ a)ZLee1
2+ Al — Ba) — ( )Q’ﬁ;ff <1 (5.21)
acy — A(Pe™" + f1) + (A —a) Fp2E
Note that convergence in one iteration is possible for the choice
2 h — 2aqahét
A= Aopt 1= -/ A~ 2ma 3 md a (5.22)

2y+ah—2(u+ﬂ1ah)§_1a T e

which is almost mesh independent when «; = 0 and ; = 1/2. This is consistent
with the continuous DDM and also yields Agpt — a as v — 0.

Furthermore, note that (5.21) for a1 = s = 0 and 1 = 2 = 1/2 is satisfied for
all A > 0. But 82 = 1/2 does not satisfy (C3) of Theorem 5.2, so that B, (and thus
p) degenerates when v — 0. However, choosing a; = as = 2 = 0 and f; = 1/2,
Theorem 5.2 and (5.21) are satisfied for all v > 0 and for all A > 0 due to Pe > 0.

The singular limit v =0
Then, (5.13)-(5.15) for e’ yields
e = (072 AL, (AD)M5})

with A%, A% € R determined by (5.16)-(5.19). To obtain A} = 0, i.e., the correct
solution in €4, this requires by (5.16)
—B+(e° - B (e°
v 1(6 )a Bl(eo) = Y l(e ) :
rc—a v — ahay + AhfGy

0=A =
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Since ve; = O(1) as v — 0 by (C2), this holds iff lim, _,o v¢1 # ah and lim, o v/(v —
ahay + AhB1) = 0. Using (C1) of Theorem 5.2, this simplifies to v/3; = o(1) as
v — 0 and implies ¢; = o(1). For A}, we then obtain by (5.17)-(5.19) and (C3)
that A} = 0, i.e., convergence in one iteration. Then, A} = A} = 0 for all i > 2
follows by induction using (5.16)-(5.19).

Summarizing the above analysis, we obtain the following result.

Theorem 5.3 (Convergence and asymptotic-preserving property of the discrete
DDM). Let (C1)-(C4) from Theorem 5.2 be satisfied. The sequence of discrete
DDM iterates {(u},u})},o from (5.13)-(5.19) converges linearly to the solution
of (5.7)-(5.9) for v > 0 iff (5.21) is satisfied.

Convergence in one iteration is achieved if A satisfies (5.22) or for v = 0 if the limit
discrete DDM for v/f; = o(1) as v — 0 is used.

The discrete DDM (5.13)-(5.19) is asymptotic-preserving if |A(v) — a| = o(1) or
v/Bi=o0(1)asv —0.

Note that as shown above, the choice «; = as = 0 and §; = 82 = 1/2 yields linear
convergence for v > 0, but the convergence rate degenerates for v — 0. The choice
a1 = as = 2 =0 and 5, = 1/2 leads to linear convergence for v > 0 uniformly in
v with 1-step convergence for v = 0, and thus is asymptotic-preserving.

Remark 5.2 (Convergence order and mass conservation). As the iterates of the
discrete DDM converge to the solution of (5.7)-(5.9), which is a first-order conver-
gent finite volume method (uniform in v and a), the same holds for the discrete
DDM at convergence (and before as soon as e’ = O(h)). Furthermore, the finite
volume method is locally mass conservative, such that mass conservation holds in
each sub-domain of the discrete DDM. At the interface between the sub-domains,
mass conservation is ensured at convergence, since the discrete DDM recovers the
(implicit) mono-domain finite volume formulation. In contrast, methods based on
an explicit splitting at the interface (see e.g. [208,331]) directly ensure mass con-
servation, but require the usual time-step restriction of CFL-type when the diffusion
vanishes (v — 0).

5.4. Numerical examples

We now study numerically the convergence properties of the discrete DDMasv — 0
for various choices of the parameters in the discrete Robin transmission conditions.
Since oy = O(v), I = 1,2, is required for convergence, we restrict our study to
a1 = az = 0 and vary only 31, B2 and \. We consider (5.1) for

f(z) = —v(kn)?sin(knz) — akm cos(knzx),

which leads to the exact solution u(z) = sin(knz). We fix a =1, k = 3, By(u3) = 1
and M = 100, and study the number of iterations required to reach an error of



136 5. ASYMPTOTIC-PRESERVING ROBIN TRANSMISSION CONDITIONS FOR SINGULARLY PERTURBED ELLIPTIC EQUATIONS

€]l < 10712, see Fig. 5.1. As discussed above, the choice 81 = 32 = 1/2 leads

to a degeneration as ¥ — 0, while the choice 5, = 2 = min(1/2,v/(ah)) yields

linear convergence, but is only asymptotic-preserving for A — a. As predicted by

Theorem 5.3, the convergence improves for all choices such that v/8; = o(1) and

B2 = O(v) as v — 0. In particular, the number of iterations decreases faster when

B is large, which illustrates well the convergence factor p in (5.21), which satisfies
A —d

v M—1
p= )\+a0(u+ﬂ1)+o(y ).

Note that the finite volume method permits a straightforward extension of the
discrete DDM to higher dimensions. For our two-dimensional example with equidis-
tant rectangular mesh, the two-point fluxes across the edges on the interface be-
tween the sub-domains can be constructed exactly as in one dimension based on
the transmission conditions and ghost values. We consider the two-dimensional
problem

vAu—V - -u=f in(-1,1) x (0,1),
w(—1,5) = u(z,0) = vu(l,y) = vu(z, 1) = 0,

where f is chosen such that the exact solution is u(x,y) = sin(37z) sin(37y). Using
the same discretization parameters as in the previous case, the resulting iteration
numbers show the same behavior as those in one dimension, see Fig. 5.2.

5.5. Conclusion

The continuous non-overlapping DDM with Robin transmission conditions applied
to singularly-perturbed advection-diffusion problems is asymptotic-preserving only
when the transmission parameter A tends to the advection speed as v — 0. We
showed that a much better result can be obtained for a discrete DDM based on
a cell-centered finite volume method: in contrast to the continuous algorithm, a
proper, but asymmetric choice of the discrete parameters (ay, 5, [ = 1,2) in the
Robin transmission conditions yields the asymptotic-preserving property without
any restriction on the transmission parameter A. We illustrated the theoretical re-
sults by numerical examples in one and two spatial dimensions. The technique
developed here can also be used for robust DDMs for nonlinear time-dependent
advection-diffusion equations in space-time on triangular meshes, as shown in the
following Chapter 6.
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Chapter

Non-overlapping Schwarz
waveform-relaxation for nonlinear
advection-diffusion equations

This chapter is based on the following submitted manuscript [124]:

e M. J. Gander, S. B. Lunowa, C. Rohde, Non-overlapping Schwarz waveform-
relaxation for nonlinear advection-diffusion equations, submitted in revised
form to SIAM Journal of Scientific Computing (03/2022), UHasselt CMAT Pre-
print UP-21-03 (2021): www.uhasselt.be/media/mufgoyse/up2103.pdf

6.1. Introduction

Nonlinear advection-diffusion equations often arise in the modeling of transport
processes, especially in porous media. The precise formulation of the underlying
nonlinear advection-diffusion equations can involve strong heterogeneities due to
largely varying physical properties and parameters. In turn, this raises significant
mathematical and computational problems, such that the development and analy-
sis of robust discretization methods becomes a non-trivial challenge.

To still reach reasonable performance, a typical approach is the parallelization
by a domain decomposition method, see Section 1.5.4 and references therein.
Here we focus on Schwarz Waveform-Relaxation (SWR) methods, which are time-
parallel time integration methods [115] based on waveform-relaxation techniques
invented in [204] for the design of large scale integrated circuits, and use do-
main decomposition in space following the seminal work of Schwarz [278] for the
parallelization. SWR methods have been studied over the past three decades for
many evolution problems, starting with [40,111,128,133] for linear parabolic prob-
lems with typical superlinear convergence, and [118,123] for hyperbolic problems,
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where these algorithms typically converge in a finite humber of steps, and also
optimal and optimized transmission conditions were introduced, based on [122].
Such transmission conditions are crucial for good performance, which has been
demonstrated e.g. in [117,225] for the two-dimensional linear advection-reaction-
diffusion equation. Asymptotic expressions for the optimal parameters in the trans-
mission conditions have been analyzed in [35, 36, 119] for linear equations by
the Fourier transform, see also [212,239] for steady advection-diffusion problems
with a non-overlapping domain decomposition with Robin transmission conditions.
Less is known for the case of nonlinear problems: superlinear convergence was
proved in [112] for classical overlapping SWR for semi-linear reaction diffusion,
and for advection-dominated nonlinear conservation laws in [127]. An analysis
of non-overlapping SWR for semi-linear wave propagation can be found in [149].
Optimized transmission conditions were explored for nonlinear reactive transport
in [144, 145], the latter also containing Newton acceleration. This approach was
numerically explored for the Navier-Stokes equations in [81], see also [140, 141]
with transmission conditions from [60] for the error analysis of a (discrete) domain-
decomposition algorithm. To the best of our knowledge there are so far no rigorous
convergence results for non-overlapping SWR algorithms applied to fully nonlinear
advection-diffusion equations.

The purpose of this chapter is to provide a theory for non-overlapping SWR algo-
rithms with Robin transmission conditions applied to nonlinear advection-diffusion
problems in time and space, see problem (6.1)-(6.3). For the resulting algorithm
on two sub-domains we prove rigorously convergence. Our approach exploits the
weak solution concept as it has been established for quasi-linear elliptic-parabolic
equations in the seminal work by Alt and Luckhaus [18]. In this way we work in
the most general framework induced by the generic energy estimates on nonlinear
advection-diffusion equations. Our convergence analysis follows the one in [63],
where non-overlapping SWR algorithms were considered for nonlinear reaction-
diffusion equations. There, the higher-order regularity results are combined with
fixed-point arguments. Here, no higher-order regularity results are available (cf.
Remark 6.1), but the chosen concept of weak solutions still allows us to prove
convergence, without requiring fixed-point arguments.

This chapter is structured as follows: we first present the problem on the en-
tire domain, the non-overlapping SWR algorithm and weak solution concepts in
Section 6.2. In Section 6.3, we deal with the existence and (imposing stronger
assumptions on data) uniqueness of weak solutions for the SWR problems. On this
basis, we proceed in Section 6.4 with the proof of the convergence of these solu-
tions towards the solution of the problem on the entire domain. This main result
is formulated in Theorem 6.3. In Section 6.5, we present the numerical treatment
of the equations and a fully-discrete SWR algorithm that relies on a finite volume
approach on triangular meshes in two spatial dimensions. In particular, our design
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of the discrete Robin transmission conditions is asymptotic-preserving, i.e., in the
hyperbolic limit, we recover the desired fast hyperbolic convergence of the method
in a finite number of iterations. Finally, in Section 6.6 we illustrate the theoretical
convergence results by numerical examples and provide numerical simulations for
two-phase flow in porous media, including problems with strong nonlinearities.

6.2. Problem formulation and the non-overlapping SWR
algorithm

For d € N let Q € R? be a bounded domain with Lipschitz boundary 99 and let
T € (0,00). We consider for the unknown u = u(x = (z1,...,z4)7,t) : @x[0,T] = R
an initial boundary value problem for nonlinear advection-diffusion equations given
by

Ou+ V- f(u) —V-(p(u)Vu) =0 in Qx(0,7), (6.1)
u‘tzo = Ug in Q, (62)
u=0 on 90 x (0,7). (6.3)

Here, p : R — (0,00) is a positive diffusion coefficient, f = (f1,...,fs)7 : R — R4
is the advective flux and ug : 2 — R is the initial data. Necessary requirements on
these given functions will be summarized in Assumption 6.1 below. Working with
a weak solution concept gives rise to define the function space

H = H'(0,T; H () N L*(0,T; H}(Q)).

Definition 6.1 (Weak solution to (6.1)-(6.3)). A function u € H is called a weak
solution to problem (6.1)-(6.3) iff u|t—o = up almost everywhere in © and

T
/0 (Ortt, )y + (p(u) Vi — F(u), VE)gdt =0 (6.4)

for all ¢ € L%(0,T; HL(2)).

Here, we denote by (-, -), the dual pairing between H~'(2) and Hj(Q), and
by (-, -)q the inner product on L?(f2). Note that for u € H, we also have u €
C([0,T); L?(Q2)) by e.g. [103, Ch. 5.9, Thm. 3], such that the equality u|;—o = uo
is well defined in L*(Q).

We apply a non-overlapping SWR algorithm to approximate the solution « of the
problem (6.1)-(6.3) as proposed in [63] for the reaction-diffusion equation. For
the analysis, we restrict ourselves to the two-sub-domain case, the generalization
to multiple sub-domains is straightforward as long as the normal derivative of the
weak solution to (6.1)-(6.3) exists as trace on the sub-domain boundaries, cf. The-
orem 4.1. More precisely, the domain 2 is partitioned into two non-overlapping
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sub-domains ©; and €2, such that both have Lipschitz boundaries 9, 9. We
denote the common interface by I' := 9€); N 93, and by n; and n, the unit out-
ward normal vectors to €2; and ;. The non-overlapping SWR algorithm is then
given by iteratively solving for i € N and [ € {1,2} the problems

Oput + V- f(uh) — V-(p(ul)Vui) =0 in Q% (0,7), (6.5)
uf] =0 = uo in €, (6.6)

ui =0 on (O \T)x (0,T), (6.7)

By (uf) = By(ul"}) on T x(0,7). (6.8)

Note that the index 3 — [ refers just to the other sub-domain, as 3 — [ = 2,1 for
[ = 1, 2. The differential transmission operators 98; are chosen as linear combination
of the normal flux across the interface and of the solution, resulting in nonlinear
Robin transmission conditions given for a fixed transmission parameter A > 0 by

B1(u) = (p(u) Va — £(u)) - ny + A, (6.9)

This choice ensures the continuity of the solution and of the normal flux across the
interface in the limit ¢ — co. The iteration over i € N is initialized by a given initial
guess g; of B;(ud_,), i.e., (6.8) for i = 1 is replaced by B;(u}) = g, on I x (0,7).
These transmission operators are the nonlinear counterparts of the linear ones,
which have been studied e.g. in [36,63,119,126] as optimized approximations of
the Dirichlet to Neumann operator, see [113] for an introduction, and [129] for a
comprehensive review. Before we proceed, let us note that the evaluation of the
transmission operator can be expressed fori > 1 and [ € {1, 2} by the shift relation

By (uj) = Bi(us ;)
:w%owgif%b»m+mH
= 2/\u§ % (p (u3 l)Vu f(u3 l)) n3_; — /\ugj
= 2\ub "] — By (uy ). (6.10)
For a weak definition of the iterative solutions of the SWR algorithm, we introduce
the function spaces
W, = {v c HY(Q) : ”’am\r = O},
H; = H0,T;W)) N L*(0,T; W),
denoting by W, the dual of W, for [ € {1,2}. In our analysis, we make use of the

following assumption on the problem and the SWR iteration data. Most notably we
require (6.1) to be non-degenerate.

Assumption 6.1.
e The initial data u satisfies ug € H{ ().
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The flux function fisin C’E’l(R,Rd), i.e., bounded and Lipschitz-continuous with
Lipschitz constant Ly > 0.

The diffusion coefficient p € C;"'(R) with Lipschitz constant L, > 0 satisfies for
some P > 0 the condition p(v) > p for all v € R.

The initial guesses of the transmission condition g; and g are in L?(0,T; L?(I)).

The transmission parameter X is positive.

Note that the assumption applies for two-phase flow in porous media (in the non-
degenerate regime), and also for the nonlinear viscous Burgers equation (cf. Sec-
tion 6.6), since the solution is bounded, so that e.g. f(u) = vmin(u?,u2,,) and
p(u) = max(tmin, min(u, umax)) can be used to obtain bounded and Lipschitz-conti-
nuous functions. We use now (6.10) to avoid the evaluation of traces of gradients
on I' (see also [63,126]) and are led to

Definition 6.2 (Weak solution to the SWR algorithm (6.5)-(6.8)). Let Assump-
tion 6.1 hold. For [ € {1,2} and i € N the functions u} € H; are called a weak
solution to the SWR algorithm (6.5)-(6.9) iff uf|t:0 = ug almost everywhere in ()
and

T T
/O (Ol ) + (p(u)Vul — F(ud), VE), dt = /0 (i — \uf, €).dt (6.11)

for all ¢ € L2(0,T;W,). Here B! € L?(0,T;L*(I")) are given by B} = g;, and
iteratively for ¢ > 1 through

B = 2Xu | —BL). (6.12)

Analogously as above for the entire domain, we denote here by (-, '>521 the dual
pairing between W; and W, by (-, -),, and (-, -)p the inner product on L2()
respectively L?(T"). The L?-norm is labeled ||-||. It will always be clear from the
context whether it refers to either Q, Q, or the entire domain Q. Furthermore, |||
denotes the L?(I")-norm. Note again that for u € H;, we have u € C([0,T]; L*(Q))
by [103, Ch. 5.9, Thm. 3], such that u|;—q = uo is well defined in L2(£);).

6.3. Existence of solutions and well-posedness of the SWR
algorithm

In this section, we provide the existence and uniqueness results for the previously
presented problems. For the original problem (6.1)-(6.3) existence and unique-
ness of weak solutions in accordance with Definition 6.1 has been proved by Alt
and Luckhaus in [18].
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Lemma 6.1 (Existence and uniqueness of a weak solution to (6.1)-(6.3)). Let
Assumption 6.1 hold, then there exists a unique weak solution w € H to prob-
lem (6.1)-(6.3), which satisfies additionally 0;u € L?(0,T; L?(Q2)).

Proof. Let P(z) := [, p(y)dy, so we have P, P~! € C*!(R) by Assumption 6.1. We
define the K|rchhoff transformed solution w := P(u). The function u is a weak solu-
tion to (6.1)—-(6.3), if and only if w satisfies w|;—g = wg := P(ug) almost everywhere
in Q and

/0 (0P~ (w), &)+ (Vw — F(PH(w)), V&), dt =0

for all ¢ € L?(0,T; H}(Q)). The existence of a unique weak solution w € H follows
by [18, Thms. 1.7, 2.4], while d;u = 0;P~'(w) € L?(0,T; L?(Q)) follows by [18,
Thm. 2.3]. Hence, we obtain the unique weak solution u by the inverse Kirchhoff
transform. O

In the next step we provide a well-posedness result for the SWR algorithm (6.5)-
(6.8). The proof relies on compactness arguments as in [18] but requires iteration-
independent a-priori estimates and a generalization to account for the transmission
conditions in the weak form (6.11). We start with the construction of approximate
solutions in time. Taking the limit, we will verify the existence of a weak solution
in the sense of Definition 6.2.

Definition 6.3 (Time-discrete problem). Let At = T/K for K € N, and ©; €
L?(0,T; L?(T")) for I € {1,2} be given. For 0 < k < K and [ € {1,2} the functions
u,; € VW, are called a solution to the time-discrete problem iff up; = uo in W, and

(W 5) + () Vs = flurn), V€q, = (Dug = Mgy, Op (6:13)
Q

forall¢ € W and 1 < k < K, where ®;,; = 2 fiml)m s)ds.

Lemma 6.2. Let Assumption 6.1 hold. For At small enough, 0 < k < K and
I € {1,2}, there exist unique uy,; € W, solving the time-discrete problem from
Definition 6.3.

Proof. The uy; can be determined inductively for k as solutions of nonlinear elliptic
problems. Again, let P(z) := [, p(y)dy, so we have P,P~! € CV!(R) by Assump-
tion 6.1. We define the K|rchhoff transformed solution wy; := P(uk,;) € W,. The
function uy; is a solution to (6.13), if and only if wy; satisfies

(Pl(wk,l) -p!

At (wk_l’l)’ £> Q + (vwk,l - f(Pil(wk'vl))’ vg)ﬂz

= (Drp = AP Hwyy), &) (6.14)
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for all £ € W,;. One can write (6.14) in the functional form a(wy,§) = b(€) using
the bounded linear operator b : W, — R defined by

b(g) = é (P_l(wkfl,l% €)Ql + (Qk,la 6)[‘7

and the nonlinear operator a : W; x W, — R given by

1

a(w, §) = 5 (

Pil(w)v g)Ql + (VU)— f(Pil(w))’ vé)gl +/\(P71(w)7 5)1'*

Clearly, a,, := a(w,-) is a bounded linear operator for each w € W,. Furthermore,
—1

since W < (P7')" < 5, we have with the Cauchy-Schwarz and the Young
c
inequalityb
a(u,u—v) = a(v,u—v) > ——— lu—v|* + |V(u—)|*
At [|pll o
L A 2
— L ju— o] [V(u )] + lu—wllz
P Pleg

> min g — 25 )2
mng ——— — —, — s |lu—v ,
=T Al 2902 W
1
_ < _ _
a(w,§) = a(w,&) < g llu = wl €] + V= w)] [VE]
Ly A
+ = |lu—w|| [VE]| + = |lu—w
L = w V€] + 5 lu = wle €]
< Cllu=wlyy, ], -

For At < %, the nonlinear Lax-Milgram theorem [328, Thm. 2.H, p. 174-
C
175] provides thbe existence and uniqueness of the solutions wy; € W, for all k,

and thus the existence and uniqueness of the solutions u;,; € W, of (6.13). O

Having established the existence for the time-discrete problems, we proceed
with investigating the SWR algorithm. To this end, we start with some a-priori
estimates.

Lemma 6.3. Let Assumption 6.1 hold. The solutions uy,; of the time-discrete prob-
lem from Definition 6.3 satisfy

K K

2 2 2 2
max el + ; At [|Vug || + ’; At flur, |2 < C (1 + ||@l||L2(O,T;L2(F))) :

2
Uk, 1 —Uk—1,1
At
Wi

K
Z At
k=1

with some constant C > 0 independent of At and ;.

2
<C (1 + ||©l||L2(0,T;L2(F))) ’
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Proof. Let & = uy; in (6.13). Then, we obtain

1 2 _ 2 2
A ™ + DIV usal” + Akl
1

v (uk—1,1, ) + (f(ur), Vurg) + Dk, ur)p

and we have by the Cauchy-Schwarz and the Young inequality

€]
||f||00+ 5 1DnllE

"')\Huler_ At [|lug— 1z|| +—

Multiplication by At and summation over k£ from 1 to some Ky < K finally yields

Ko Ko
luro i + B AV |* + XS At [Jug |7

k=1 k=1
T|Ql|

2 2
< ol + ||f||c0 X 1Dull72(0,7;22(ry) -

This implies the first a-priori estimate. Now consider an arbitrary £ € W, in (6.13),
then we obtain with the Cauchy-Schwarz inequality and the trace theorem

<Uk,l_ul<:1,l §>
At ’ Ql

< (P IVl + 1 Cur) 1) IVEI+ 1Dkl ) €l
< CrL(IVurll + 1F () + 19n,2 1l + Nl ) €]y, -

Dividing by [|£][,, for & # 0 and taking the square, we obtain

Ul — Uk—1,
At

2
2 2 2 2
< s (Iuall® + £ U 1901+ 1Dnallf+ uunallf.)
Wi

Multiplication by At and summation with respectto k = 1,..., K leads to

K 2 K
Uk, — Uk—1,1
PP e e ey (A ¥ )
k=1 Wi k=1
Using the first a-priori estimate concludes the proof. O

Based on the a-priori estimates for the approximate solutions, we take the limit
At — 0in (6.13) to conclude the existence of a weak solution of single SWR iterates
in the sense of Definition 6.2. The arguments are similar to the uniqueness proof
of [18, Thm. 1.7].

Theorem 6.1 (Existence of weak solutions to (6.5)-(6.8)). Let Assumption 6.1
hold. Then, for 1 € {1,2} and all i € N there exists a weak solution u} € H, to the
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SWR algorithm (6.5)-(6.8) that satisfies the estimate
||Uf|‘%oo(o,T;L2(Ql)) + H“%HZL%QT;WZ) + Hatu;H%%O,T;W[) + ||uﬂ|2L2(O,T;L2(F))
<C (1 + H%f”%%o,T;LZ(F))) , (6.15)

where C' > 0 depends on ||, T, A, B, [pllco, I|1fllcp and [[uoll s g -

Proof. The time-discrete problem from Definition 6.3 with ©; := } given by (6.12)
has unique solutions Ufc.,z € W, by Lemma 6.2, which satisfy the a-priori estimates
in Lemma 6.3. Let uiAt,l : Q; x [0,T] — R be the piece-wise linear interpolation in

time of the functions uf,;, ..., u% ;. Then we have
hat ; t—(k—1)At, i ; 2
/O sl Pt = Z / s+ =02 iy = )|
K kAt ) ) - -
<2y / ey alP + kP < 20 (14 19 B2 002000

and similarly
T ) 9 in2
[ 19l <20 (1 135 o)

kAt 2
/ Ortiig o3y, dt = Z /

at < C (1+ 1811207020y ) -
Wi

Therefore, the family (uiAt;l)At>0 is uniformly bounded in #;, so it has a weakly
converging subsequence with limit u; € H;. Using the compact embedding of H,
into L?(0,T; L*(€%)) (Aubin-Lions lemma), we have that uf, , converges strongly
to u! in L?(0,T;L?(€y)). We use now the general principle that the strong con-
vergence of the piece-wise linear time-interpolation in L?(0,T; L?(2)) implies the
same convergence and limit for the piece-wise constant interpolation in time, see
e.g. [205, Lemma 3.2]. Thus, we conclude that the piece-wise constant interpo-
lation in time, defined by uiAt7l(t) = u};,l for t € ((k — 1)At, kAt], also converges
strongly in L2(0,T; L*(Q)).

Further, observe that p(@)v@ is bounded in [L2(0,T; L?()))]?, therefore
it has a weak limit ¢ in this space. To identify this limit, we take arbitrary ¢ €
L?(0,T; W, N C*(€Y)) as test functions. Then, we obtain

Ukz uk 1,1

T
| (pie Vil =) Vi V€) ar

T - -
= /O (k) —p(ui) Vi, VE) |+ (pl) (Vui,, — Vei). V) di
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T — ; ;
_ / (Voo (o)~ pi)VE) |+ (Vuey — Vu, p(u)VE) .
0 ! L

Since p(m) converges strongly, and V@ converges weakly in L2(0,T; L2(£))
(analogously to uiAt,l)l and V¢ is bounded, the terms on the right hand side con-
verge to zero. By the uniqueness of the limit, we have then ¢ = p(u})Vu!.

From (6.13), we know

T
/0 <atulAt,lv €>QL + (p(uiAt,l)VuiAt,l - f(uiAt,l)a Vf)ﬂl dt

:/OT (%] — ks €)

for all £ € L2(0,T;W,). The function B} is iteratively defined by B} = 2)\uy,';_, —
%%~7. Due to the strong and weak convergence of u"&l and uf, ;, we can consider
a sequence At — 0 and pass to the limit, which shows that u} is a weak solution
to the SWR algorithm (6.5)-(6.8). Thus, we can iteratively obtain weak solutions
uj € H; for € {1,2} and i € N, such that the estimate (6.15) is satisfied. O

The existence of a solution to the SWR algorithm is used in the next theorem to
prove the unigueness of the solutions for the SWR iterations under an additional
regularity assumption.

Theorem 6.2 (Uniqueness of the SWR iteration). Let Assumption 6.1 hold. If a
sequence of weak solutions (u},ub);cn € H1 x Ho to the SWR algorithm (6.5)-(6.9)
satisfies Oyu} € L?(0,T; L?(Y)) for 1 € {1,2} and all i € N, it is unique.

Remark 6.1. The regularity assumption d;u; € L*(0,T;L?()) amounts to the
maximal-regularity property for parabolic equations, i.e., the required regularity
when dealing with strong solutions. In [295] maximal regularity is proven for a
wide class of quasi-linear parabolic equations including equations of type (6.3).
The results apply if f and the diffusion coefficient p satisfy Assumption 6.1 and if
the domain boundary is C1:'-regular. Thus, Theorem 6.3 holds under these general
conditions, which are satisfied if e.g. d = 1 holds, or if 92; and 925 can be chosen
to be smooth. The C!-regularity of the boundaries can be guaranteed if one of
the sub-domains is immersed into the other one such that I' = 9€); N 02, does not
intersect with 09). For the case I'NON # () which excludes C!-regularity for 2; and
()5, there are to our knowledge only few general results, none of them covering
(6.3) completely. The recent contribution [20] for linear evolution equations with
variable coefficients establishes maximal regularity for transversal intersections of
I' with the boundary 912.

Proof (of Theorem 6.2). Assume that there is another sequence of weak solutions
(@i, 14)ien. Then there exists an [ € {1,2} and a i € N minimal, such that u} # !
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and B! = Bi. Let 15(2) := max(0, min(1, z/5)). We follow the proof of Theorem 2.2
in [18] and consider the difference of the equations (6.11) for both solutions with
the choice & = ¥5(u} — @})x(0,) for 7 € (0,T]. This yields

| ot = aiystui = id)ae + (i) Vi = p@) Vi, Vistf i), dt
+/ (uj — i, w5<u;’—ﬂ§>)rdt=/ (F () = F(@7), Vbs(ui — @), -
0 0

By the identity p(u})Vu! — p(a!)Vai = p(al)V(ui — at) + (p(u}) — p(al))Vui, the
Cauchy-Schwarz inequality and the Young inequality, we get

T L o 55 S
| [ outui = ayotui - ai)do + IV a(uf - 7)) P
0o Jou
T 172 L?c
p o i i ine L of o TN
< A 5|\X{0§u;—a;§5}|uz ay| [V ll]* + 5]3||X{0§u;—11;§5}(ul ay)||"dt

T §L2 ) 0L210
< [ B ywuie + 0
o P p

For 6 — 0, the righthand side tends to zero and the first term on the left-hand side
converges for almost all 7 € (0,T) to

/ O (ui — ﬂf)x{ui>ﬂi}dxdt = / 0y max(uf — @}, 0)dxdt
0o Jo = 0o Joy

= max(u} (1) — i (r),0)dx > 0.
[97]

Interchanging the roles of u} and i}, we obtain
0= / ‘u;(r) — ﬂf(T)’dx
97}

for almost all 7 and hence v} = 4! almost everywhere. O

6.4. Convergence of the non-overlapping SWR algorithm

We now prove that the weak solutions of the non-overlapping SWR algorithm (6.5)-
(6.9) converge to the weak solution of the entire domain (mono-domain) formu-
lation (6.1)-(6.3), and hence this method is applicable to nonlinear advection-
diffusion equations. We use the conceptual idea of Caetano et al. in [63] for a
semi-linear reaction diffusion equation dyu —vAu = r(u) with some source function
r(u), but with substantial differences: the proof in [63] requires a-priori estimates
in higher-order Sobolev spaces and leads in a first step only to a result locally in
time. Here we exploit the low-order ansatz for weak solutions from [18] which en-
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ables us to deduce directly a global error bound, which extends the similar result
for stationary linear advection-diffusion equations in [239, Thm. 4.5] to nonlinear
advection-diffusion equations.

Theorem 6.3 (Convergence of the SWR iteration). Let Assumption 6.1 be satisfied.
By Theorem 6.1, the SWR algorithm defined by (6.5)-(6.9), initialized with the
guesses g1,92 € L?(0,T; L*(T")), defines a sequence of weak solutions (u,u}) €
H1 x Ha, which is unique if du} € L*(0,T; L*(Y)) for | € {1,2} and all i € N by
Theorem 6.2. If the unique weak solution u of the original problem (6.1)-(6.3)
satisfies

Vu € L2(0,T;L°(Q) and  p(u)Vu-n; € L*(0,T; L*(T)),

then (u},ub);en converges to (ulq,, ula,) in (L>(0,T; L*($4))NL*(0, T; Wy))i=1 2 @s
7 — OO.

Note, that the regularity assumptions p(u)Vu - n; € L*(0,T;L*(T")) and Vu €
L?(0,T; L*(f2)) can be shown e.g. by the following regularity results in case of
more regularity of the domain and of the parameter functions.

Lemma 6.4 (Improved regularity of the solution to (6.1)-(6.3)). Let Assump-
tion 6.1 hold. If we additionally have 9Q € C! or Q convex and f' € CP(R,R%),
then the solution u to problem (6.1)-(6.3) is in L?(0,T; H*(Q)) N C([0,T]; H*(Q)).

Proof. Since f’is continuous and bounded, f'(u)- Vu is Lebesgue measurable and
in L2(0,T; L*(2)). Thus, integration by parts in (6.4) yields

T T
/ (Vw, V&g, dt := / (p(u)Vu, VE&)q, dt
0 0

T T
- / O+ F(u) - Vu, €)q, dt = / (9, ) dt
0 0

for all £ € L%(0,T; H} (2)), where g € L?(0,T; L*(Q)). Since time is only a parame-
ter, we obtain by the regularity theory in [143], that w = P(u) € L?(0,T; H*(Q)).
As p = P’ is bounded from below by p > 0, this yields Vu € L%(0,T; H'(2)). To-
gether with 9,u € L?(0,T; L*(Q)), we obtain u € C([0,T]; H'(Q)) by [103, Ch. 5.9,
Thm. 4]. O

Lemma 6.5 (Classical solution to (6.1)-(6.3)). Let Assumption 6.1 hold, and ad-
ditionally assume 92 € C?, p € C’bl’a(R) and f € C,}’“(R,Rd) for some o > 0. If the
initial data g is in C%(Q), then there exists a unique solution u € C%*/2([0,T] x
Q)N CH(0,T);C(2)) N CO((0,T); C*(Q)) to problem (6.1)-(6.3).

Proof. By direct application of [199, Thm. 6.2]. O
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Proof of Theorem 6.3. For each i € N and [ € {1,2}, we define the errors ¢} :=

—u|q, € H;. Note that 9;u € L2(0,T; L*(Q)) by regularity, such that (d;u, -) on Q
equals the sum of the corresponding dual pairings on 2 and Q5. Thus, the errors
satisfy on the sub-domains the initial boundary value problems

[ (0t €10, + GVl + ()~ p) Vs 5 + 50, V)

:/ (‘,B;’e"—/\ef, 5) dt, (6.16)
O F

for all & € L*(0, T; W), together with the initial data ej|,_, = 0 in L*(;) and the
error transmission operator defined due to the assumptions and (6.9) by

%j’err =B — (p(u)Vu — f(u)) -n — onI'x (0,7). (6.17)

Choosing ¢ = efx(oﬁ) for 7 € (0,7] in (6.16) and applying the Cauchy-Schwarz
inequality yields

il + / DIVl = (o) — p()) Tl + [ £uf) + £ )1V

S/ (%f7err—/\ef, ef) dt.
0 r

Using p, f € C,?’l and the Young inequality, we obtain

S+ 5 [ vl

</ (B = 2l ef) dt—i—/T Ljuwu? L led|[2dt
=/ l D)L o D Lo () D l

Next, we replace the transmission term using the identity B} " = 2\ei = — B, 1"
(see (6.10) and (6.12)) yielding

7R = 15y TR — 4 (B, ef) + AN
such that we have by shifting [ and i
(%Z err )\ l7 el)r (H%Z el’l’HF _ H%%‘rl err”%) )
Hence, we get
eI +5 [ IVl

1 : ) - i
= 5/ 19875 17 — 118557 e"det+/ Cr(t)|ejl|dt, (6.18)
0
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where

212 ) 212
CE(t) = ?HVU(t)HLw(QZ) + — > 0.

Adding terms up to step I € N for both sub-domains, we define

I

I 2 -
e(r) =3 Y lei™I?  F(7) ::?ZZ/O IVey||*dt,

=1 1=1 =1 [=1
1 & [T
&'(7) = B[R dt.
0= g3 2 ) 1B

Summing (6.18) overi=1,...,I and [ = 1,2, we obtain the inequality
el(r)+§ () + & (r) < 8l (7) +/ Cp(t)e!(t)dt.
0

Note that Cg € L'(0,T) by assumption, &’ € C(]0,7T]), so that we conclude by
Gronwall’s lemma

el(r) <l (r) + /OT &1 (t)Cp(t) exp </tT C’E(s)ds> dt =: C(1) < o0, (6.19)
F(r) <&l(r)+ /T Cr(t)C(t)dt < oco. (6.20)
0

Since the righthand side of the estimates (6.19) and (6.20) are independent of I,
the sequences (€%);cy and (§%);en are uniformly bounded in L>°(0,T). Therefore,
ul converges to ulg, in L°°(0,T; L*(€;)) N L?(0,T;W)). O

6.5. Numerical discretization for two-dimensional domains

To implement the SWR algorithm we suggest to discretize the equations by a finite
volume method. This allows us in particular to enforce the transmission conditions
quite naturally via numerical fluxes across the interface.

6.5.1. The general finite volume method

We consider for d = 2 the bounded domain 2 = (—1,1)2. For the SWR algorithm,
the (mono-)domain € is divided at I' = {0} x [—1,1] into the two (sub-)domains
Q= (—1,0) x (-=1,1) and Q3 = (0,1) x (—1,1). For all domains w € {Q,;,Q:} we
use as discretization a first-order finite volume method on a conforming structured
mesh 7, A, of equilateral triangles; the mesh parameter Az > 0 denotes the length
of the edges. For some 7 € T, A, we denote by S(7) the set of edges of 7. To
discretize advection-diffusion problems on these triangular meshes, we suggest a
combination of the approach of Kurganov and Petrova in [198] for the hyperbolic
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part and the discretization of parabolic fluxes as by Eymard et al. in [105]. The use
of equilateral triangles ensures the consistent discretization of the parabolic fluxes
by evaluation in the centers of gravity.

This method-of-lines approach is completed by the forward Euler scheme in time.
To thisend let t° := 0 < t! < ... < t¥ := T for K € N be a partition of (0,7 with
time step Atk = tF+1 —¢* for k € {0,..., K —1}. All in all, one gets a scheme, which
is first-order accurate in space and time.

Definition 6.4 (Finite volume method on a domain w). For k € {0, . —1} and
each triangle 7 of the triangulation 7, a5, the approximate cell average uk+1 at
time t**! is computed by
AtFA
ub =k Ty R (6.21)

| | ceS(T)

If o is the edge of another triangle 7’ € 7, o, the numerical flux Fk is given by

PO (U et SO (O R (o N SRS
o Ax/\/g ain 4 gout nr + aln + aout Uy — Ur) -
(6.22)

Here, P = P(u) is a primitive of p(u), and the numbers a/", a2t > 0 are estimated
local inward and outward directional wave speeds at the edge o of 7, which has
the outer normal nr. For o € dwN oS the flux F¥ is determined from the boundary
conditions (depending on specific settings in Section 6.6), whereas for o € dw N T
the flux Fj is defined from the discrete transmission conditions (see (6.27) below).
The initial approximation uOT is set as approximation of the cell average. For our
first-order method, we use simply u$- = ug(z7), with 7 denoting the barycenter
of T.

Note that these choices of ai,” and a2t imply that the numerical algorithm from
Definition 6.4 can be applied for any directional flux f -ns regardless of its deriva-
tive sign, see [198]. However, it recovers the upwind flux depending on the sign.

Due to the time-explicit approach, the size of the time-step At is limited by the
Courant-Friedrichs-Lewy condition and the Péclet condition

max{ (mgx | f1(u)| + max |f§(u)\) AA—t:, mgxp(u)zf—;: } < Chiax- (6.23)

The constant C.x < 1 depends on the mesh topology.
Having computed the cell-average values “kT on the mono-domain the discrete
solution ug A, € L?(Q x (0,T)) is defined as a piece-wise constant function by

ug az(T,t) = v €T CTonas, t € [th ). (6.24)

The finite-volume computations on the sub-domains 2,5 have to be redone in
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each iteration within the SWR algorithm. We denote for ¢+ € N the corresponding
cell-average values therefore by uiT’k, the numerical fluxes by ng and the discrete
solution by u/, 5, € L*(w x (0,T)) with w being one of the sub-domains Q;, . It
is again computed from the cell averages, i.e.,

Ul no(®,t) = Ul @ €T CTona t € [tF,tFF). (6.25)

6.5.2. Discretization of the transmission condition

To complete the discrete SWR algorithm we need besides initial iterates a discrete
version of the transmission condition (6.9) that provides the numerical flux in Def-
inition 6.4 across some edge on I'.

We assume that the meshes for 2, Q, Q, are designed such that the interface
I' = {0} x(—1,1) between the sub-domains coincides with the edges of the triangles.
To compute a numerical flux on 2, (the case for the right sub-domain is completely
analogous) consider a pair (7,7") C Q1 x £y such that these two triangles share
an edge o which lies on I'. Following Section 5.3, we search a ghost value uf,kl as
approximation of the discrete solution in the triangle 7' on the other side of the
edge o. This value is used to compute the flux Fi* = F;’f

Due to the transmission condition (6.9), in the ¢-th SWR iteration and at discrete
time t*, the discrete normal flux F;’f associated to the triangle 7 on this edge is
then given by (6.22) as

i,k i,k i i,k i,k
ik . _P(“a,l) — P(uz”) ag f(uyy) + a3™ f(uz”) n
o1 - in out T
A.T/\/g aa + aa
in ,out

aga ik ik
oo ok 4,
+ ain -+ gout (uml ur ) )
o o

(6.26)

such that u;kl satisfies (see (6.9))

FUY = MBrud® + (1 - Bo)ully) — 8L, (6.27)
Analogously, we compute F;’; for €25, which leads us to determine uf,kz from

Fib = X(Boulft + (1 - Ba)ullly) — B (6.28)

The weighting parameters 31, 32 in (6.27) and (6.28) are taken from the interval
[0,1]. They allow us to interpolate between the cell average and the ghost value
at the interface, and they have no counterpart at the continuous level. In Chap-
ter 5, we analyzed a simple linear model problem and showed that introducing
the weighting parameters can be used to construct discrete SWR algorithms that
are convergent for Az — 0 and i — oo, consistent for fixed Az and i — oo, and
asymptotic-preserving for vanishing viscosity (see Section 6.6.1 for precise defini-
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tions). We cannot transfer the proofs to the nonlinear case here, but we will show
in Section 6.6 that the preferred choice from Section 5.3 remains to be effective
in our case.

We will use two choices for 31, 32. The first one accounts for the local trans-
port direction at the edge o. It is considered to be a novel contribution for the
treatment of advection-diffusion equations. Motivated by the analysis for a linear
one-dimensional model problem in Section 5.3 it is defined by

1 1/ i,k 1 1/ 1,k
L) nr >0 L of) nr >0
D) T 9 2 T ’

pr = and B2 = (A)
0 otherwise, 0 otherwise.

Note that this first choice (A) realizes a switch between a centered approximation
and a pure upwind one. In Section 6.6.3 we will show that (A) behaves much bet-
ter in the hyperbolic limit regime than the second choice, which is a pure centered
approximation, typically used for diffusion equations (realizing a second-order dis-
cretization in space). It is given by

pr=02= . (B)

It remains to define %fjkl and %f,]; in (6.27) and (6.28). The value %fjkl is computed
based on (6.9) from the previous SWR iteration using (6.26) and (6.27) with u’-,""
and uf;le’k replacing uf,kl and uirk The analogous procedure provides %f,’; An
alternative definition not used here exploits (6.12) leading for ; to %f,kl =M1+
B1 — Bg)uf;;’k +01-p6 + ﬂg)ui{,l’k) — %3;21’]“. Finally, the initial guesses g; for
I € {1,2} in all considered cases are chosen as discrete approximations of B;(ug)
using (6.9).

Even though the time stepping in the scheme from Definition 6.4 is explicit,
the unknowns ufjlj for I € {1,2} at the interface have to be determined from the
generally nonlinear equations (6.26) and (6.27). We use a damped Newton method,
and emphasize that only a local Newton iteration for each triangle at the interface

has to be performed.

6.6. Numerical results

First, we consider a simple problem with known closed-form solution to study both
the convergence properties of the discretization and the iterative solver. We then
study the performance of the solver on the two-phase flow equation for the satu-
rated flow of two immiscible and incompressible fluids. In particular, we are inter-
ested in the behavior of the SWR algorithm for advection-dominated flow and in
the role of the transmission parameter A and the weighting parameters 31, 32 in
the transmission conditions.
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Before we start with some preliminaries on error measurement and associated
notations let us note that various non-overlapping domain decomposition approach-
es have been developed in the context of two-phase flow. Ahmed et al. have stud-
ied a-posteriori error estimates and stopping criteria based on space-time domain
decomposition for two-phase flow between different rock types in [6,7]. Seus et al.
proposed robust linear domain decomposition methods of the time-discrete equa-
tions for partially saturated flow as well as for two-phase flow in porous media
in [285, 286]. This was extended in [219] by Lunowa et al. for two-phase flow
in porous media involving dynamic capillarity and hysteresis, see Chapter 4. For
domain decomposition strategies used as preconditioners for solving multi-phase
flow problems we refer to [292].

6.6.1. Error functionals and notations

We introduce some notations for measuring different kinds of errors. Precisely, we
use two functionals: for studying the convergence of the iterative algorithm, we
fix the mesh parameter Az and use the mono-domain finite volume solution ug A,
from (6.24). We define the iteration space-time L*-error £}, given by

(6.29)

2 2
i ) —
Ere =1 D H“m,m “9,A$|mx(0,T>‘ L2(Qux(0.7))’

=1
It controls the distance between the discrete SWR iterates on the sub-domains €,
), and the discrete mono-domain solution on 2. The SWR algorithm is consistent
with respect to iterations if £4, — 0 holds for i — co. The SWR algorithm is
asymptotic-preserving in the limit of vanishing viscosity, if it converges then in
a finite number of iterations, i.e., there holds 8&5 = 0 for all + > 79 € N when
p = 0. This means, that the limit SWR algorithm behaves as expected of domain
decomposition methods for hyperbolic PDEs, for details on this issue see Chapter 5.

If the exact solution u is available we also consider the difference between the
SWR iterates u;‘mx (see (6.25)) and the exact solution u leading to the combined
iteration and discretization space-time L*-error £}, defined by

(6.30)

2
~. . 2

i 7 _
T z; HUQ“M U‘QZX(O’T)‘ L2(Qx(0.7))
If €4, — 0 for Az — 0, i — oo the SWR algorithm converges to u.

Besides the behavior of £, and £}, for Az — 0 and i — oo we will also inves-
tigate how the limit behavior of the SWR algorithm depends on the transmission
parameter .
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Mono-domain solution Sixth SWR solution Difference
6 6
uUQ, Az UQ, /g, Az UQy /Qg,Az — UQ,Ax
%1073
1 2 1 2 1 . 20
1.5 15 15
X' 0 1 00 1 o0 10
5
0.5 0.5
0
-1 ' 0 -1 ' 0 -1 '
-1 0 1 -1 0 1 -1 0 1
)(1 Xl Xl

Figure 6.1.: The numerical mono-domain solution (/eft) and the SWR solution at
the sixth iteration (middle) are hardly distinguishable from each other
for the smooth example at ¢t = 2 using Az = 0.025 and A = 1.5. In fact,
the errors are concentrated almost entirely at the interface (right).

6.6.2. A problem with known solution

The function

(3 + X1 + 1’2)2

u(@,t) = =5

solves the nonlinear advection-diffusion equation
Ou+ V -(vu?) — V-(uVu) =0 in Qx(0,7):=(-1,1)* x (0,2),

where the velocity v = v(x) is given by v(x) = m(l, 1)T. The problem is com-
pleted by Dirichlet boundary conditions and an initial condition given by evaluating
u on 0f) and at ¢t = 0. Note that Assumption 6.1 is satisfied, as discussed there,
because the solution satisfies 0 < upin < u < Uumax < 00 almost everywhere.

We choose the temporal step-size At = (Axz)?/25, which suffices in this case to
satisfy (6.23), and the SWR transmission parameter A = 1.5. The plots in Fig. 6.1
show the results of the finite volume method on the mono-domain €2 and of the
SWR algorithm with parameter choice (A), where we have chosen the sixth iteration
with Az = 0.025 at time ¢ = 2. Clearly, the error is concentrated at the interface I,
especially where the flux across the interface is large.

In Fig. 6.2 we see on the left that the iteration L2-error €£$ from (6.29) decreases
monotonically for versions (A) and (B), suggesting that the SWR algorithm is con-
sistent for both choices of the weighting parameters. Note that our convergence
analysis does not predict a monotonic behavior. The fact that the convergence
does not seem to depend on the spatial step-size is because we start the iteration
by extending the initial condition constant in time, and the solution and thus the
iterations do not really have any high frequency content. Using a random initial
guess would lead to different behavior, see [119] for linear problems with con-



158 6. NON-OVERLAPPING SCHWARZ WAVEFORM-RELAXATION FOR NONLINEAR ADVECTION-DIFFUSION EQUATIONS
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Figure 6.2.: Error decay for the different spatial resolutions in the example with
known solution using A = 1.5 and both choices (A) and (B). Left: the
iteration L2-error £, decreases monotonically. Right: the combined

iteration and discretization L2-error €%, also decreases monotonically
until the discretization error level is reached after a few iterations.

stant coefficients, where mesh dependence is observed, and [114, Sec. 5.1] for a
detailed explanation.

Since we know the exact solution in this case, we can also compute the combined
discretization and iteration L?-error ézx from (6.30). As shown in Fig. 6.2 on the
right, we observe that ng — 0 for Az — 0 and 7 — oo supporting the convergence
statement of Theorem 6.3. We observe for fixed mesh parameter again a monotone
decay of €%, over the SWR iterations. After about 3-5 iterations, the discretization
error clearly dominates and we observe stagnation of the combined discretization
and iteration error. The discretization error is approximately reduced by a factor of
two when halving the spatial step-size Az, as expected for a first order scheme.
Again versions (A) and (B) do not differ substantially.

Let us fix the spatial step-size to Az = 0.05 and use the choice (A) only. To
study the effect of the transmission parameter, we apply the SWR iteration for
different choices of the transmission parameter \. The impact on the convergence
rate is clearly visible from the results shown in Fig. 6.3. On the left, we see that an
optimal choice of A\ exists which leads to fastest convergence of the SWR iteration
for the specific frequency content in the solution. We also see that after a certain
number of iterations the slopes of the convergence curves become similar, and in
that regime typically very high or very low frequency error components dominate.
On the right we see that the truncation error accuracy is however reached much
earlier, so a good choice is indeed A\ = 1.5 for this problem.
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Figure 6.3.: Error decay over the number of SWR iterations for different transmis-
sion parameters \ in the example with exact solution using Az = 0.05
and the choice (A). Left: iteration L2-error £4 . Right: combined dis-

cretization and iteration L?-error £ .

6.6.3. Simplified two-phase flow with capillary pressure

We consider a nonlinear advection-diffusion equation that is used to model the
incompressible flow of two immiscible fluids in a porous medium, such as the dis-
placement of oil by water in a reservoir. This model is discussed in Section 1.3.2.
We assume the total velocity v : @ — R? to be given. Neglecting gravitational
effects, (1.13) then reads

POu+ V- (fer(u)v) + V- (k(u)KVp.(u)) =0 in Qx(0,7). (6.31)

The saturation u = u(x,t) € [0,1] is the unknown, whereas the porosity ¢ € (0, 1],
the fractional flux function fgr : [0,1] — R, the total mobility « : [0,1] — (0,0),
the homogeneous intrinsic permeability K € R4*¢ and the capillary pressure p, :
[0,1] — R are given functions. For our numerical studies, we simply choose the
domain Q := (—1,1)2, the final time T = 1, as well as a constant porosity ¢ = 1
and a constant flow velocity v = (v, v2)T € R2. The constant intrinsic permeability
K is set to be the identity matrix, and a standard parameterization of the fractional
flux function is

u?

Ioly) = o ra—ap

For k = 0, (6.31) becomes the so-called Buckley-Leverett equation which is a
purely hyperbolic conservation law exhibiting weak discontinuous solutions.
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Mono-domain solution Sixth SWR solution Difference
6 6
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Figure 6.4.: Discrete mono-domain solution (/eft) and SWR solutions at the sixth
iteration (middle) for the simplified two-phase flow equation for k =
1072, v = (1.5,0)T at time t = 1 using Az = 0.025, A = 2 and weighting
parameters from (A). The errors are concentrated almost entirely at
the interface I' and along the infiltration front (right).

Diffusion-dominated regimes

We consider a simplified setting with linear capillary pressure, p.(u) = 1 — u. The
problem is completed with the initial condition ug = 0 and the Dirichlet boundary
condition given for € 9Q and ¢ € [0, 1] by
(e, t) = 1—23 ifa =1,

0 if 1 =1o0r zp = £1.
Thus, the solution of (6.31) will display a right-moving infiltration front as long
as the velocity components satisfy v; > vy = 0. In fact, this will be our choice
in all subsequent experiments. As an internal layer the front will scale according
to the size of the mobility parameter k, which is taken constant. For the sake of
illustration we show in Fig. 6.4 the results of a mono-domain computation and the
sixth iteration of the SWR algorithm at the final time ¢ = 1. Clearly, the difference of
these discrete solutions prevails at the interface I" and the infiltration front. Since
the flow direction is from left to right, the errors occur almost entirely in the second
sub-domain.

Turning to quantitative tests of the SWR algorithm we consider in this section
examples which can include advection but are still diffusion-dominated. Since ex-
plicit solutions for (6.31) are not available we study the iteration L?-error £, only.
In the first example, condition (6.23) is satisfied by choosing the time step-size
At* = Ax?/20. The SWR transmission parameter is fixed to be A = 2. In Fig. 6.5 we
show the results for a fixed mobility x = 1 varying the velocity v; in x;-direction
for different mesh resolutions. As a purely diffusive reference case we consider
v; = 0 such that (6.31) becomes the heat equation (see also the results in Sec-
tion 6.6.3 for the opposite limit case: the Buckley-Leverett equation). For all mesh
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Figure 6.5.: The iteration L?-error versus the number of SWR iterations for dif-

ferent spatial resolutions and different velocities v = (vy,0)7. The
mobility is always «k = 1.

parameters we observe that the iteration error £}, decreases monotonically in i.
Moreover, the differences between the weighting parameter choices (A) and (B) is
negligible.

Next, we study again the impact of the transmission parameter. We set Az = 0.05
or Az = 0.025 and At* = Az/20, and apply the SWR iteration with different choices
of the transmission parameter )\, with v = (1.5,0)” and x = 1072, i.e., a more
advection-dominated regime which triggers a step-like behavior for the evolution
of ng. This results from the parallel formulation (6.8) of the SWR algorithm for
two subdomains yielding iterates that differ significantly only every second iter-
ation due to the main information transfer from the left to the right subdomain
in the advection-dominated regime. The effect of the transmission parameter on
the convergence rate is clearly visible from the results shown in Fig. 6.6, the best
choice here being around A\ = 1.5. We also observe that the weighting choice (B)
is not equivalent in the present discretization when advection becomes dominant
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Figure 6.6.: The decay of the L2-error over the number of SWR iterations varies

for different transmission parameters X for the simplified two-phase
flow equation with Az = 0.05 and Az = 0.025 using the choice (A).
The optimum A\ ~ 1.5 seems to be independent of the step-size for
this initial guess.
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2 . .
Az T UQ,Ax UQ, /0g,82 — UQ,Ax different sub-domains
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The discrete difference at the first (left) and second (middle) iteration
for four sub-domains in the case of the simplified two-phase flow equa-
tion (k = 1072, v = (1.5,0)T, t = 1, Az = 0.025, A = 2, weighting (A)).
The interfaces are shown in blue. The L?-error decays linearly, but
slightly slower compared to the case of only two sub-domains (right).

(see e.g. (B): A = 2in Fig. 6.6), because it remains a Robin transmission condition,
while choice (A) effectively leads to a Dirichlet update in the hyperbolic limit K — 0,
cf. Chapter 5.

Furthermore, we study the numerical scheme for a decomposition into multiple
sub-domains, see Fig. 6.7. As in the case of two sub-domains, the discrete dif-
ference, and hence the iteration L?-error £}, is reduced in a step-like manner in
the first few iterations, and shows linear convergence, but at a slightly lower rate
compared to the case of only two sub-domains.
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From advection-dominated regimes to the hyperbolic limit

We investigate the SWR algorithm for the same infiltration setting as presented in
Section 6.6.3 but fixing v = (1.5,0)7 and focusing on decreasing values of the total
mobility x. If the mesh parameter Az is kept constant for advection-dominated
regimes one enters under-resolved situations. Note that the finite-volume scheme
from Definition 6.4 remains even then stable due to the upwind flux choice [198].
However, it is not able to resolve (internal and boundary) layers scaling like O(k).
In the limit x — 0, equation (6.31) becomes a purely hyperbolic evolution law
with discontinuous weak solutions. Notably, the sub-domain problems of the SWR
algorithm given by Definition 6.2 are not well-defined in the hyperbolic limit, i.e.,
the Robin boundary condition (6.8) and (6.9) involve Neumann traces that might
not exist. Nevertheless, the discrete formulation by Definition 6.4 together with
(6.26) and (6.27) can still be executed.

Remark 6.2 (SWR algorithm for the hyperbolic limit, choice of A, 5; and ;). For
the case x = 0 the SWR algorithm using Dirichlet transmission conditions gives
the mono-domain solution on € in finitely many steps, for the unidirectional flux
in (6.31) in fact in two steps only. Using Robin transmission conditions as in (6.27)
requires further conditions for this property to hold, see Chapter 5: in the linear
case, the algorithm is asymptotic-preserving iff the parameters 3,, 32 are chosen
to satisfy x/81(k) = o(1) and B2(k) = O(k) as k — 0. Since this condition is
independent of A, we expect similar behavior here, and illustrate this below. Note
that choice (A) satisfies the conditions but not (B).

We consider the advection-dominated regime for x € (0,1072%] and set Az = 0.025
and At* = Ax/20. All other settings are as in Section 6.6.3. In Fig. 6.8 we show the
L?-errors ng for weighting parameters from (A). As in Section 6.6.3 we observe
linear convergence, which gets faster as x becomes smaller, until we get two-step
convergence for k = 0 (€%, < 107'?) independently of the value of the transmission
parameter. This is also in agreement with the analysis for linear problems, see
Remark 6.2. We note in passing that using the alternative determination of %gﬁﬂ
using (6.12) shows also decaying behavior but requires four iterations in the limit.

On the right in Fig. 6.8 we show the results for the transmission condition update
(B), which clearly is not equivalent to (A) in the present discretization, see the
discussion in the previous subsection: the choice (B) is not asymptotic-preserving.

6.6.4. Two-phase flow with strongly nonlinear capillary pressure

As a concluding example we consider the two-phase flow equation (6.31), together
with the Brooks—-Corey model [156],

u?(1 —u)?

1
P (l—u? Pe(u) = pau” *se.

r(u) =
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Figure 6.8.: The L2-errors £}, for A\ = 2 and step-size Az = 0.025. Left: For the
choice (A), the rate of decay of 521 over the number of SWR itera-
tions depends on total mobility x strongly improving when « decreases.
Right: For the choice (B), the rate of decay does not improve to finite-
step convergence in the hyperbolic limit when x — 0.

Here py > 0 is the so-called entry pressure, i.e., the minimal pressure necessary for
the non-wetting phase to displace the wetting phase, and Ag¢c > 0 describes the
uniformity of the porous medium. We choose the parameters p; = 1 and Agp¢c = 3
and the initial condition uy = 0.1 together with homogeneous Neumann boundary
conditions at x5 = %1, and Dirichlet boundary conditions at xz; = +1 given by

0.1+ 0.8(1 —3)? ifzy = —1,

u(x,t) =

For the numerical computations of this completely nonlinear infiltration problem,
we select the temporal step-size At = (Az)?/4 and the SWR transmission parame-
ter A = 2. According to the results from Section 6.6.3 we use choice (A) only. The
plots in Fig. 6.9 show the results with and without the SWR algorithm for the sixth
SWR iteration and Ax = 0.025 at time ¢ = 1. Also for this strongly nonlinear prob-
lem, the error is concentrated at the interface I" and in )5, since the flow direction
is from left to right. The error decreases monotonically over the SWR iterations, as
shown in Fig. 6.10.

6.7. Conclusion

We designed and analyzed a new non-overlapping Schwarz waveform-relaxation
algorithm for nonlinear advection-diffusion equations using nonlinear Robin trans-
mission conditions. We proved existence of a unique sequence of weak solutions
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Figure 6.9.: The numerical mono-domain solution (/eft) and the SWR solution at
the sixth iteration (middle) are hardly distinguishable from each other
for the two-phase flow equation with Brooks—-Corey parameterization
at t = 1 using Az = 0.025. Differences can be observed mostly at the
interface I" but less for the wave-front position (right).
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Figure 6.10.: The L?-error &4, decreases monotonically over the number of SWR
iterations for the different spatial resolutions for the two-phase flow
equation with Brooks—Corey parameterization with A\ = 2.5.
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that converges under the assumption of bounded gradients, extending the area of
application of Schwarz waveform-relaxation to a whole new class of nonlinear prob-
lems. We also presented a fully-discrete finite volume scheme which is asymptotic-
preserving for the Robin transmission conditions and hence robust in the hyperbolic
limit leading to two-step convergence of the iterative solver. We tested our new
solver on several examples ranging from validation models to strongly nonlinear
porous media flow problems. We observed linear convergence towards the discrete
solution, and robust two-step convergence in the hyperbolic limit. We also made
preliminary numerical tests for the impact of the transmission parameter A\ on the
convergence rate, for which we do not yet have a theoretical basis.



|Chapter 7

Conclusion and outlook

In this work, we considered dynamic capillarity and hysteresis in two-phase flow in
porous media. The work is divided in two parts according to the studied scales and
effects. In the first part, we discussed the modeling at the pore scale incorporating
a moving contact line, and the subsequent upscaling. In particular, the resulting up-
scaled models for single pores include a dynamic and hysteretic capillary pressure,
which plays an important role at the Darcy scale. Such non-equilibrium effects were
discussed in the second part of this work, where we focused on robust numerical
discretization techniques at the Darcy scale. In detail, we considered lineariza-
tion and domain decomposition methods for nonlinear parabolic partial differential
equations which may degenerate. In the following, we summarize the main results
of the respective parts and give an outlook to future work and remaining open
challenges.

7.1. Two-Phase Flow in Single Pores

In the first part, we considered a mathematical model for the flow of two immisci-
ble fluids in a single pore, which is idealized to a thin strip or tube. The fluids are
separated by a moving interface, which is in contact with the pore wall. Its evo-
lution is driven by the fluid flow, the surface tension and a dynamic and possibly
hysteretic contact-angle law at the moving contact line. Assuming a scale separa-
tion between the typical width and the length of the thin pore, we formally derived
the transversally averaged model. The resulting effective relations are a Darcy-
type equation for the local flow, and a capillary pressure - saturation relationship
involving dynamic and hysteretic effects. Together, the model forms a system of
differential algebraic equations for the interface position and the total flux.

We provided numerical experiments and discussed the effects of a varying pore
width, of the viscosity ratio, of the slip length, as well as of having a dynamic and
a hysteretic contact-angle law. In particular, the results for a varying pore width
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illustrate that the geometry has a large influence on the effective quantities and
their behavior. While dynamic effects occur even for a static contact-angle model,
hysteresis in the capillary pressure is only present when a hysteretic contact-angle
model is used.

To validate the effective model, we compared it to experiments of the capillary
rise of different fluids in cylindrical tubes. In this application, the effective model
extends the classical Lucas-Washburn model by incorporating a dynamic contact
angle and slippage. Furthermore, we extended the model to account for inertial
effects, which can be relevant at early times. In contrast to the classical Lucas—
Washburn model, the numerical results of the models with dynamic contact angle
match well with the experimental data. In summary, we showed that the presented
models predict the capillary-driven flow in tubular systems and that the dynamic
contact-angle relation must be explicitly included.

The discussed upscaling in thin pores may be generalized in various directions.
First of all, more complicated geometries may be considered. Pores in realistic situ-
ations are often asymmetric and tortuous. Then, the flow is not unidirectional any
more, but follows the curve of the pore. Additionally, the cross-section can have
arbitrary shape, which results in a non-spherical fluid-fluid interface. These aspects
could be incorporated by an appropriate formulation of the geometrical features. In
this context, also wall roughness should be mentioned. The upscaling in this work
relies essentially on the fact that the pore walls are smooth and slowly varying.
However, when kinks are present, the contact line is pinned at the kink while the
interface adapts to the change in the contact angle. Furthermore, the fluid flow at
such points is perturbed. In case of fast variations of the pore wall, the dynamics of
the contact line, as well as the topology may change. This occurs in particular when
the movement of the fluid-fluid interface leads to attachment at several positions
of the wall, and thus small drops of the wetting phase remain trapped between the
non-wetting fluid and the oscillatory wall. Moreover, accounting for multiple pores,
which might even bifurcate, requires the detailed modeling of topological changes
when the fluid-fluid interface separates at the junction, or reversely, when several
interfaces from different pores unite at the junction. For such local perturbation
effects, and topological changes, an diffuse interface approach, e.g. a phase-field
model [1,257], might be successfully applied. In a preceding step, the effect of
multiple, separated interfaces may be studied as a rather straightforward exten-
sion, as outlined in Section 7.3 for a pore-network model.

Furthermore, the modeling of the contact angle provides various opportunities for
future work. As discussed in the introduction, several descriptions of the moving
contact line and of the contact angle exist in literature. Due to the technically
difficult measurements and the minor differences when compared to the models,
there is no consensus about which one is preferable. Nevertheless, the presented
upscaling results are valid as long as there is a unique velocity to contact-angle
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relation. Additionally, the surface tension of many materials is inhomogeneous,
e.g. for minerals with heterogeneous chemical composition, and may be altered
over time due to reactions, such as precipitation and dissolution, or because of
surfactants. Then, these additional processes must be modeled and coupled to the
flow of the fluid phases. All these aspects require an extension of the presented
analysis and might lead to upscaled equations that give further insight for pore-
scale two-phase flow in natural porous media.

Moreover, the derivation of upscaled models in this work was done formally. Rig-
orous estimates of the convergence, and ideally even error estimates for the up-
scaling are still necessary to prove the correctness of the approach. However, this
requires a detailed mathematical analysis of the coupling of the Navier-Stokes
equations for two fluids with a free boundary, which is in contact with the pore
wall. Another approach is the comparison of the solutions of the upscaled one-
dimensional model to numerical solutions of the full two- or three-dimensional
model with moving interface. Eventually, comparison to further, more general ex-
periments in tubular structures is necessary to assess the correspondence between
the modeling, including its assumptions, and the empirically observable reality.

Finally, there is a scale gap between the modeling of single pores and the de-
sired description of two-phase flow at the Darcy scale. Therefore, modeling and
upscaling at an intermediate scale is necessary. For this, simple bundle-of-tubes
models, or more intricate dynamic pore-network models can be used. In the end
of this chapter, we elaborate on this topic, which is ongoing work. In particular,
we propose a dynamic pore-network model, in which the effective models derived
in Chapter 2 are used in the pore throats. The effective Darcy-scale quantities
can then be found by averaging the solutions over representative volumes of the
network.

7.2. Numerical Methods at the Darcy Scale

The second part of this work is dedicated to numerical methods for partial differen-
tial equations at the Darcy scale. The main focus was on linearization and domain
decomposition methods for non-equilibrium two-phase flow models in porous me-
dia and for nonlinear, possibly degenerate advection-diffusion equations.

First, we considered the two-phase flow equations in a porous medium, which
consists of adjacent regions with possibly different parametrizations. The model
accounts for non-equilibrium effects like dynamic capillarity and hysteresis. Af-
ter temporal discretization, we proposed two linearized domain decomposition
schemes, which combine a stabilizing fixed-point iteration, the L-scheme, and a
non-overlapping domain decomposition into one iteration. We proved that the lin-
ear iterative problems of the two schemes have unique solutions, which converge
towards the solution of the time-discrete, nonlinear equations on the whole domain.
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This convergence is global, i.e., independent of the initial guess, and requires only
a mild restriction on the time step, independently of the spatial discretization. Due
to the L-scheme, the use of derivatives as in Newton or Picard iterations is avoided.
The presented numerical examples confirm stability and robustness of both devel-
oped schemes. In particular, the inverted formulation for the capillary pressure
used for the second scheme considerably improves the performance for models
including hysteresis.

Both schemes can be easily implemented for realistic applications. For appro-
priately chosen parameters, the convergence rate is improved significantly. The
presented analysis leads to good estimates for the linearization parameters, while
an estimate for the domain decomposition parameter is still an open problem. Fur-
thermore, an optimized choice of these parameters could depend on the position
and the current solution, leading to similar methods as in [12,236]. Alternatively,
these schemes can be combined with Anderson acceleration [174,211], or might
be used as preconditioners for the Newton method. Moreover, an a-posteriori error
analysis similar to [6] would lead to efficient and adaptive stopping criteria, which
increase the performance and allow for adaptivity.

For more general applications, the schemes should be adapted and analyzed
when porosity or dynamic capillarity and hysteresis are spatially varying. Further-
more, the involved coefficients in general also depend on the saturation. Typi-
cally used parametrizations, such as the Brooks—-Corey model, are only Hélder-
continuous, which could be incorporated similar to the analysis in [48,262]. More-
over, the case of vanishing phase-mobility typically occurs when a fluid saturation
tends to zero. The resulting degeneration of the equations must be taken into ac-
count by e.g. using a global pressure formulation. Additionally, nonlinear interface
conditions for entry-pressure models between different porous media should in-
clude the effect of dynamic and hysteretic capillarity [157,158,310]. Subsequently,
such conditions can be incorporated into numerical schemes.

Since the equations may degenerate in realistic applications, we also considered
singularly perturbed advection-diffusion problems. We analyzed in detail a non-
overlapping domain decomposition method with Robin transmission conditions for
the linear stationary advection-diffusion equation in one dimension. We found a
significant difference between the domain decomposition method on the continu-
ous level and on the discrete level using cell-centered finite volumes. In the limit
of vanishing diffusion, the continuous method converges in finite iterations only
if the transmission parameter tends to the advection speed. The discrete method
can inherit this property. However, using a proper, but asymmetric choice of cen-
tered and upwind discretizations in the Robin transmission conditions, we obtained
an asymptotic-preserving discrete method without constraint on the transmission
parameter. We illustrated the theoretical results by numerical examples in one and
two spatial dimensions.
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Based on these results, we proposed a non-overlapping domain decomposition
algorithm of Schwarz waveform-relaxation type for nonlinear advection-diffusion
equations. It relies on nonlinear Robin transmission conditions that ensure the
continuity of the converged solution and of its normal flux across the interface.
We proved the existence of weak solutions to the iterative problems, which are
unique under additional assumptions on the data. Furthermore, we showed that the
iterative solutions converge under the assumption of bounded gradients. Thereby,
we extended the area of application of Schwarz waveform-relaxation to a whole
class of nonlinear problems.

Moreover, we presented a simple numerical discretization for the iterative prob-
lems using a forward Euler discretization in time and a finite volume method in
space. Therefore, only the transmission conditions require a local nonlinear solver.
This discrete algorithm uses the asymptotic-preserving Robin transmission condi-
tions, and thus is robust in the hyperbolic limit leading to two-step convergence
of the iterative solver. Finally, we presented several numerical examples ranging
from validation models to strongly nonlinear two-phase flow problems in porous
media. In particular, we observed linear convergence towards the discrete solution,
and robust two-step convergence in the hyperbolic limit.

We also made preliminary numerical tests for the impact of the transmission
parameter on the convergence rate, for which there is no theoretical basis yet.
The analysis of the parameter optimization, as well as the asymptotic-preserving
property for nonlinear, time-dependent problems, possibly also incorporating re-
action terms, remains an open challenge. This would lay a solid foundation for the
application to degenerate multi-phase and multi-component flow in porous media.
Combined with a-posteriori error analysis and adaptivity, the simulation results
could be improved while keeping the computational costs low. For this purpose,
also multilevel domain decomposition methods, moving meshes and optimized pre-
conditioners are relevant, and should be considered.

7.3. Ongoing work on dynamic pore-network models

To overcome the scale gap between the modeling of single pores and the desired
description of two-phase flow at the Darcy scale, we discuss dynamic pore-network
models and show how the effective models derived in Chapter 2 can be incorpo-
rated to model the flow in the pore throats. For a general introduction to pore-
network modeling, we refer to the reviews [2,44,178,267].

The fundamental idea of pore-network models is to represent the complicated
geometry at the pore scale by a set of pore bodies P C N at the positions x; € R3
[m], ¢ € P, which are connected by a set of pore throats 7 C P x P (denoted ij
instead of (i, ) for simplicity). This network can be extracted from experimental
data, see Fig. 7.1 for an illustration, or artificially created based on material-specific
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U]

Figure 7.1.: Extraction of a pore-network geometry. From the CT images (a), a sub-
volume (b) is segmented into pore space and solid (c). From this, the
pore-network geometry is extracted (d), which consists of pore bodies
(e) and pore throats (f). Figure taken from [138, Fig. 3] (CC-BY 4.0).

properties. The pore-space volumes can be distributed in various ways, depending
on where one chooses the transition from pore body to pore throat [267]. Often,
all volume is concentrated in the pore bodies, such that the pore throats only have
resistances (typically assuming short throats). On the opposite, all volume can be
concentrated in the (then long) pore throats, resulting in pore bodies being just
junction points. Alternatively, one can divide the volumes and resistances between
the pore bodies and the connecting pore throats to improve the representation
of the local geometry. In either case, the shape of pore bodies and throats is
simplified into regular structures. Here, we consider either spherical pore bodies, or
use volume-less pore bodies as simplification. Furthermore, we assume cylindrical
pore throats of varying radius to directly apply the results from Chapter 2. However,
note that this neglects the existence of corner flow along the edges of pore throats
with angular cross sections, which can be relevant in imbibition.

The model for two-phase flow in the pore network consists of the mass balance
at the pore bodies, typically written in terms of the saturation S, ; [-] of phase
a € {n,w} in the pore body i € P as

dSa i
Vim o+ ‘Z} Gaij = 0. (7.1)
JEN (i)

Here, V; > 0 [m3] denotes the volume of the pore body i, and Ga,ij [m3/s] is
the flux of phase « through the pore throat ij towards the neighboring pore body
j€N(i)={jeP|ij € T} Inthe pore throats, we extend the upscaled model
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) ) ) )

W Figure 7.2: Flux g;; in the pore throat
/Lﬂ ij with three interfaces.

Ifl“) 7MW 72 73 7@

from Section 2.5 for multiple interfaces. In each pore throat ij € T, there are
N;; € Ny interfaces at (dimensionless) positions I(m) €0,1] [-1, 1 <m < Ny,
see Fig. 7.2. Furthermore, we let Ii(jo) =0, Ii(jv”ﬂ) =1, and use the vector Z;; =
(Ifjo), . ,I}JN”H))T for all interface positions in the pore throat. Using (2.116), the
total flux g;; [m3/s] in pore throat ij € T is then given by

%ij = 9i5(ZLij) (pi —pj —pj;(Zi) — pj; (L-j)) : (7.2)

Here, g;; [m3/(Pas)] denotes the conductance of the throat, p; and p; [Pa] are the
pressures of the phase present at the entrance of pore body i and j, respectively,
while p?j and p7; [Pa] denote the hydrostatic and capillary pressures in pore throat
ij. Note that the flux ¢, ;; is given by g;;, if phase « is present at the entrance from
pore body i into pore throat ij, and ¢, ;; = 0 otherwise. The interface-dependent
parameters are given by

-1

(m+ )
8|Li'|,um
ij(ZLij) = = d ;
gj( ']) Z /I(m) 7T ” Z))3(RZ](Z)+4)\U) *
pz]( =g- LU Z Pm (Il(;n-‘rl) 7171(3"7/)) ’

)

m 9ij
NZ2O'”COSG (w(Rij(Iff‘))V)

=1 R (Z™)

ij

pz]

where L;; = x; — x; [m] denotes the (oriented) length of pore throat ij, R;; [m]
is the (varying) throat radius, and )\;; [m] is the slip length. Furthermore, p,,
[Pas], pm [kg/m3] are the viscosity and the density of the phase between the
interfaces m—1 and m, while o;; [Pam] is the surface tension between the phases,
and g = (0,0,9.81)T [m/s?] denotes the gravitational acceleration. We assume a
linearized contact-angle model (cf. Sections 1.2.2 and 3.2)

(m) — m :
cost; ' (v) = (=1)" cos 0;; + mijv, 1 <m < N

where Hfj [deg] denotes the static contact angle and 7;; [m/s] is the dynamic
contact-angle parameter. Note that the alternating sign is due to the alternating
orientation from wetting to non-wetting phase and vice versa. Then, (7.2) can be
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reformulated as

Gij = 9i(Zij)(pi — pj — Pi;(Zij) — pi;(Zi5)), (7.3)
where
. gij(I") o L 207,(=1)" cos 0
9ij(Lij) == ; = :

o = Ry(ZJ")
1+ 2 LJULJQLJWI ij) m=1 i\ &5
Zl m(Rij (Z;7))?

By (2.109), the interfaces in each pore throat ij € 7 move according to

(m)
dZ;; _ qij

v]

At x(Riy ()L

1<m< N (7.4)

as long as IZ-(;-”) € (0,1).

To close the problem, there are two typical approaches: either the pore bodies
have a positive volume, and both phases can coexist in the pore bodies, or the pore
bodies are volume-less, and only one phase can occupy it. In the former case, one
uses (7.1) to solve for the pore-body saturations in combination with a capillary
pressure relation p§(S,,;) = Pn.: —Pw,; depending on the geometry of the pore body.
Furthermore, discrete rules are necessary to decide when a new interface forms at
the entrance of a pore throat. Hence, one solves for both pressures p,, ; and p,, ; in
all pore bodies and the interface positions Z;; in all pore throats. This is similar to
classical two-pressure pore-network models without resolved interface positions
[21,177,179,253, 289, 299, 304]. On the other hand, the volume-less approach
neglects the storage term in (7.1), such that it becomes a simple flux continuity
equation. Then, each pore body is either filled by the wetting or the non-wetting
phase, the latter being the case when the non-wetting phase is at an adjacent pore-
throat entry. Therefore, each pore body has only one pressure p; of the occupying
phase. When an interface leaves a pore throat, the occupying phase in the adjacent
pore body might change, and new interfaces might be formed in the connected pore
throats, which must also be prescribed by discrete rules. Then, one solves for the
phases in the pore bodies, their pressures p; and the interface positions Z;; in the
pore throats. This is similar to classical one-pressure pore-network models, either
without fully resolved interface motion [11,45, 180, 195, 242,248], and the ones
taking continuous interface movement into account [9, 10, 85,136, 291].

In the following, we shortly discuss the discretization and preliminary results
for the simpler, one-pressure approach with volume-less pore bodies. Note that
(7.1), (7.3), and (7.4) form a nonlinear system of differential-algebraic equations
that requires initial conditions for the interface positions and boundary conditions
for the pressure and/or the flux, which are not discussed for brevity and can be
found e.g. in [10,136,291]. For T > 0 [s], let 0 =t < t' < ... < tK =T
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Figure 7.3.: Horizontal flow driven by one water-air interface for several time-step
sizes At. (solid / dotted / dashed: 1 / 5/ 10 pore throats).

be a discretization of the time interval [0,7] using K € N time steps with sizes
At =tF —tF=1, 1 < k < K. In the following, we denote by f* the approximation
of f(t*) for a quantity f. At time t*, the pressures p¥ are determined using (7.1)
and (7.3) (note V; = 0) by

S G @)W - = D 55T 5 () + v (T)- (7.5)
JEN(9) JEN (D)

Using the explicit Euler method, we obtain for (7.4) using (7.2)

Ik 1 (k=1 k=1 _ Ik 1 Ik 1
L0k _ gomt py 9i5 (L35 ) (pl —py = 05T ) — P ))
7 ) m),k—1
’ ’ T(Riy (T 1)2Ly

(7.6)

When the interface leaves the pore throat (Ii(;") ¢ (0,1)), the respective volume
must be transferred via the pores bodies with no volume to adjacent pore throats
and this exchange may create new interfaces. This is done heuristically, similar to
the meniscus algorithm in [136,291].

We implement a preliminary version of the discretization in Python 3.8 using
the package openPNM 2.8.2 [139]. As simple examples, we consider the capillary-
driven imbibition of water (against air) in a tube with constant radius R = 1.0 mm.
For simplicity, contact-angle dynamics are neglected. The results are depicted in
Fig. 7.3 for a horizontal tube, and in Fig. 7.4 for a vertical tube. In both cases,
the error decreases with decreasing time-step size as expected. The results are
consistent when splitting the tube into several pore throats, since the discretization
is locally mass conservative.

The presented dynamic pore-network model aims at bridging the scale-gap be-
tween single-pore models and Darcy-scale models by averaging over representa-
tive volumes with many pores. However, many open challenges must be overcome
to achieve this goal. First of all, the model itself is currently rather simplistic. Adding
further effects, such as simultaneous flow and snap-off due to corners, including
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Figure 7.4.: Vertical flow driven by one water-air interface for several time-step
sizes At. (solid / dotted / dashed: 1 / 5/ 10 pore throats).

more realistic pore geometries and heterogeneity of the medium, and extending it
to the two-pressure formulation are required to represent realistic processes. Ad-
ditionally, the discrete rules for the formation of new interfaces must be studied
carefully, and its choice might depend on the considered process (capillary-driven
vs. viscosity-driven). Furthermore, the discretization must take these events into
account, which requires small time steps. Implicit, possibly higher order numeri-
cal methods and multi-rate schemes might improve the solutions significantly. A
prerequisite is, however, that the resulting nonlinear problem can be solved in
an efficient and robust way. Hence, a suitable linearization strategy should be de-
veloped and analyzed. Eventually, the simulations of the dynamic pore-network
model can be averaged over representative elementary volumes to obtain effec-
tive Darcy-scale quantities and their relationships.
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Combined effects for the averaged
two-phase flow in a thin strip

In Chapter 2, we discussed the upscaling of two-phase flow in single pores. In
particular, we discussed the effect of the slip length, of the viscosity ratio, as well
as the effect of a dynamic and hysteretic contact-angle model. For this, we depicted
several numerical examples in Section 2.7. Here, we illustrate further numerical
examples in which the different effects are combined. We consider two thin-strip
geometries with a constriction of different length.

Thin strip with short constriction
We consider the thin strip from Section 2.7.2 with varying width
2 1
w(zy) = 3 + 3 cos(2mxy),

describing a pore throat with short constriction, see Fig. A.1 (left). First, we solve
the upscaled model (2.74) and (2.75) with fixed contact angle § = /3 (cf. Ta-
ble 2.3). All the other parameters are varied simultaneously. The solutions for
imposed pressure boundary condition are depicted in Fig. A.2. The movement is
faster for higher slip length )\ (left to right), and slows down or speeds up over
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: Geometry and velocity solution for the thin strip with short (/eft) and
long (right) constriction.
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time according to the viscosity ratio M (top to bottom). These effects interact with
the slowdown as the fluid-fluid interface passes through the constriction, which is
more pronounced for low capillary number Ca.

When imposing a fixed flux boundary condition, the interface movement is the
same for all parameter choices, see the solutions shown in Fig. A.3. However, the
inlet pressure decreases for increasing slip length (left to right). It is higher while
the majority of the thin strip is filled with the higher viscous fluid, i.e., in the end for
M < 1 and in beginning for M > 1 (top to bottom). Additionally, the local capillary
pressure is significant for low capillary number Ca, especially when the fluid-fluid
interface passes through the constriction.

Furthermore, we solve the upscaled model (2.74) and (2.75) using the dynamic
contact angle model (2.133), i.e.,

6(u) = arccos (max ( min(cos(,) + nCau, 1), —1)).

The solutions using an pressure boundary condition are depicted in Fig. A.4 for vary-
ing parameters. Qualitatively similar results to the constant contact angle case are
obtained. However the dynamic effect significantly decelerates the interface move-
ment, especially when passing through the constriction. For a fixed flux boundary
condition, the dynamic effect similarly increases the inlet pressure due to a higher
local capillary pressure, see the solutions in Fig. A.5.

Thin strip with long constriction
We consider a thin strip with varying width

forl <2, <3
w(xy) == 4 Y

wWIN Wl

+ = cos(4mxy) otherwise.

=

describing a pore throat with long constriction, see Fig. A.1 (right). First, we solve
the upscaled model (2.74) and (2.75) with fixed contact angle § = «/3 (cf. Ta-
ble 2.3). All the other parameters are varied simultaneously. The solutions are
depicted in Fig. A.6 imposing a pressure boundary condition, and in Fig. A.7 im-
posing a flux boundary condition. The results are very similar to those for the
short constriction. However, the effects of the local capillary pressure and of the
slip length are amplified due to the higher length of the constriction.
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Figure A.2.: Solution of the upscaled model for the short constriction with pressure
boundary condition pi, = 12, when varying the viscosity ratio M, the
slip length A and the capillary number Ca (solid: Ca = %, dashed:

Ca = 1, dotted: Ca = 2).
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Figure A.3.: Solution of the upscaled model for the short constriction with flux
boundary condition ¢ = 1, when varying the viscosity ratio M, the slip
length X and the capillary number Ca (solid: Ca = 1, dashed: Ca =1,
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dotted: Ca = 2).
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Figure A.6.: Solution of the upscaled model for the long constriction with pressure
boundary condition pi, = 12, when varying the viscosity ratio M, the
slip length A and the capillary number Ca (solid: Ca = %, dashed:

Ca =1, dotted: Ca = 2).
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Figure A.7.: Solution of the upscaled model for the long constriction with flux
boundary condition ¢ = 1, when varying the viscosity ratio M, the slip

length A and the capillary number Ca (solid: Ca = 3, dashed: Ca =1,

dotted: Ca = 2).
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Appendix

Detailed results of the fitting for the

capillary rise experiments

In Chapter 3, we discussed the comparison between the upscaled and extended
models for capillary rise dynamics and the experimental data. In this appendix, de-
tailed results of the fitting are presented in detail. First, in Fig. B.1 we illustrate the
different fits of the upscaled model obtained for glycerol. The fits of the upscaled
and the extended model for Soltrol 170 are presented in Figs. B.2 to B.4. Finally,
the fits of the two models for water are presented in Table B.1 and Figs. B.5 to B.7,
including the results for the simultaneous fit of the dynamic parameter n and the
slip length .
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B. DETAILED RESULTS OF THE FITTING FOR THE CAPILLARY RISE EXPERIMENTS
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Figure B.1.: Simulation results of the Lucas-Washburn model (LW) and of the fitted

upscaled model for the glycerol experiments. Top row: radius R = 0.25
mm. Center row: radius R = 0.5 mm. Bottom row: radius R = 1.0 mm.
Solid blue: h-fit; Dashed red: 6-fit; Dash-dotted green: both-fit.
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Figure B.2.: Simulation results of the Lucas-Washburn model (LW) and of the fit-
ted upscaled (top row) and extended (bottom row) models for the
Soltrol 170 experiments at radius R = 0.375 mm. Solid blue: h-fit;
Dashed red: #-fit; Dash-dotted green: both-fit.
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Figure B.3.: Simulation results of the Lucas-Washburn model (LW) and of the fit-
ted upscaled (top row) and extended (bottom row) models for the
Soltrol 170 experiments at radius R = 0.5 mm. Solid blue: h-fit;
Dashed red: #-fit; Dash-dotted green: both-fit.
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Figure B.4.: Simulation results of the Lucas-Washburn model (LW) and of the fit-
ted upscaled (top row) and extended (bottom row) models for the
Soltrol 170 experiments at radius R = 0.65 mm. Solid blue: h-fit;
Dashed red: -fit; Dash-dotted green: both-fit.



Radius Upscaled Extended

[mm] (fit) | X5 1 A Xs 1 X5 U A X5
0.375 (h) | 0.451 0.558 | 1.017 0.288 0.051 | 0.162 0.058 | 0.329 0.043 0.023
0.375 (9) | 0.414 1.981 | 0.414 b5e-11 2.013 | 0.377 2.054 | 0.377 1le-11 2.088
0.375 (b) | 0.416 1.252 | 0.413 0.016 1.244 | 0.367 1.143 | 0.357 0.045 1.041
0.500 (h) | 0.924 2.433 | 2.081 5* 0.222 | 0.111 0.153 | 0.548 0.123 2.7e-3
0.500 () | 0.605 2.599 | 0.516 0.683 1.349 | 0.498 0.037 | 0.498 7e-11 0.039
0.500 (b) | 0.637 2.738 | 0.637 4e-3 2.767 | 0.476 2.249 | 0.463 0.070 2.039
0.650 (h) | 4.036 1.147 | 5.228 5% 0.436 | 2.849 0.234 | 3.334 0.149 0.197
0.650 (0) | 1.488 3.524 | 1.461 0.248 3.232 | 1.052 4.595 | 1.052 6e-12 4.683
0.650 (b) | 1.907 6.552 | 1.907 7e-10 6.612 | 1.248 4.203 | 1.248 7e-10 4.242

*) Maximal allowed value in the fitting procedure, to avoid unphysically large slip lengths.

Table B.1.: Dynamic coefficient 7, slip length A\ and reduced residuals x2 for the different fits (h: height, §: contact angle,

b: both) of the upscaled and extended models, for the water experiments.
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Figure B.5.: Simulation results of the Lucas-Washburn model (LW) and of the fitted
upscaled (top row) and extended (bottom row) models for the water
experiments at radius R = 0.375 mm. Solid blue: h-fit; Dashed red:
0-fit; Dash-dotted green: both-fit. Dotted orange: h-fit including slip
(a: A=10.29, b: A =0.04).
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Figure B.6.: Simulation results of the Lucas-Washburn model (LW) and of the fitted

upscaled (top row) and extended (bottom row) models for the water
experiments at radius R = 0.5 mm. Solid blue: h-fit; Dashed red:
0-fit; Dash-dotted green: both-fit. Dotted orange: h-fit including slip
(a: A =5, b: A = 0.12). Wide-dashed gray: 6-fit including slip (c:
A =0.68).
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Figure B.7.: Simulation results of the Lucas-Washburn model (LW) and of the fitted
upscaled (top row) and extended (bottom row) models for the water
experiments at radius R = 0.65 mm. Solid blue: h-fit; Dashed red:
0-fit; Dash-dotted green: both-fit. Dotted orange: h-fit including slip
(a: A = 5, b: A = 0.15). Wide-dashed gray: #-fit including slip (c:
A =0.25).
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